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FACTORS IN THE LEARNING BEHAVIOR 
OF THE ALBINO RAT 


NEIL J. F. VAN STEENBERG 
From the Department of Psychology, The University of Chicago 


The table of intercorrelations published by Dr. R. L. Thorndike 
in the Genetic Psychology Monographs, 1935, 19%, No. 1, has been 
reanalyzed into ten factors. Rotation of the reference vectors re- 
sulted in a configuration which, for all practical purposes, may be 
said to show a simple structure and (except for one variable on one 
factor) a positive manifold. Five of the factors can be interpreted 
with some confidence, one only with considerable caution; three fac- 
tors are specific to the apparatus employed, and for the one remaining 
wen no interpretation is attempted; it appears to be a residual 
plane. 


For some years data obtained by experimentation on animal 
learning have been analyzed statistically. In the beginning of this 
period such investigators as Davis and Tolman ($) and others hoped 
to find a single most satisfactory criterion of learning, i.e., a criterion 
having the maximal reliability and validity. Later the assumption of 
a unitary learning factor was attacked and shown to be untenable and 
it was demonstrated that several unrelated factors were involved 
[e.g., Lashley (13), Leeper (14), Commins, McNemar and Stone 
(2)]. With reference to this complexity, Tomilin and Stone (25) 
wrote in 1934: 


We look upon this discovery as one of capital importance because 
now-a-days many problems in animal psychology are attacked by labora- 
tory methods masquerading under the same name, but differing from 
each other in many essential details. So long as we lack accurate in- 
formation as to the community of function of these diverse techniques 
of experimentation, just so long shall we continue to grope in the dark 
while seeking plausible explanations of the divergent results obtained on 
fundamental problems. 

There is still another (though related) reason why learning, 
particularly animal learning, needs a thorough analysis. Tradition- 
ally, descriptions of such learning have confined themselves to terms 
involving laboratory apparatus employed; thus, we have maze be- 
havior or rather behavior in particular mazes, and the relationship of 
this behavior to that on a puzzle box or to that shown on a delayed 
response apparatus. Such descriptions are, in the last analysis, chaotic 
and otherwise unsatisfactory. Experimentation is never-ending and 
predictions of future behavior of the animals in other situations are 


unreliable. 
—179— 
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It is the purpose of this paper to investigate some measures of 
animal learning behavior and to isolate, if possible, the number of 
independent variables that must be dealt with in problems of this 
kind. For this purpose, attention was turned to a study by R. L. 
Thorndike which appeared in the Genetic Psychology Monographs, 
1935, 17, No. 1. It contained (among other items) a table of inter- 
correlations between scores on performances on a latch box, a number 
of mazes and other problems in learning. Thorndike had extracted 
three centroid factors from this table, but had stopped at this point 
because of a faulty criterion.* Furthermore, no attempt was made: 
(1) to determine whether a simple structure} would fit the configura- 
tion of vectors, or (2) to rotate the axes in any other manner. It was 
thought that considerably more information could be obtained from 
this table than had been extracted from it. Hence, a fresh attack was 
made on it to answer, if possible, such questions as: 

1. Can animal behavior be parsimoniously described in terms of 
a limited number of abilities; i.e., can the above-mentioned table of 
intercorrelations of behavior measures be duplicated (allowing for 
small observational errors) by employing a substantially smaller num- 
ber of factors than was made use of in the original composition of the 
table? 

2. Will such abilities be found to be independent of one another; 
i.e., are the primary factors obtained orthogonal (uncorrelated) ? 

3. Do any of the abilities found render “good” performance 
(see page 182) on any of the tasks in question more difficult; that is, 
are any of these factor loadings negative, so that they cannot be en- 
closed within a positive manifold? 

4. What are the verbal interpretations of the several abilities 
employed by the animals and methodologically isolated? 

Partial Résumé of Thorndike’s Report. In order that the reader 
may understand the results of the present investigation from this re- 
port, I shall give a résumé of the relevant material from Thorndike’s 
report. 

There are thirty-two variables representing different kinds of 
scores. They are presented in the temporal order of performance of 
the various tasks. 


* The criterion was that the residuals from the whole table should form a 
distribution which approximated normality and should have for a standard devia- 
tion the standard error of the correlation coefficient derived on the assumption 
that the true correlation between the variables is zero. 

+ By simple structure is meant a selection of defining axes which maximizes 
the number of vanishing factor loadings, i.e., maximizes the number of zero en- 
tries in matrix F;. 
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(1) Number of turns made on a revolving wheel ac- 
tivity cage. 


Warner-Warden Mazes, A and B (alley mazes). 
Maze A (see sketch, Plate I. Adapted from Thorndike’s article, 


p. 24). 


(2) “A errors” — entering a blind alley while pro- 
gressing toward a goal box. 

(3) “B errors’ — entering a blind alley while pro- 
ceeding in the reverse direction. 

(4) “C errors” — retracing the true pathway. 

(5) Total time (from entrance box to goal box). 


Maze B (see sketch, Plate I). 


(6) “A errors.” 
(7) “B errors.” 
(8) “C errors.” 
(9) Total time. 


Elevated Mazes C and D. 
Maze C (see sketch, Plate I). 


(10) “A errors.” 

(11) “B errors.” 

(12) “C errors.” 

(13) Time to start running. 
(14) Time to run. 


Maze D (see sketch, Plate I). 


(15) “A errors.” 

(16) “B errors.” 

(17) “C errors.” 

(18) Time to start running. 

(19) Time to run. 
Jenkins Circular Problem Box (see sketch, Plate I. Adapted from 
F. L. Riess, Limits of learning in the white rat and the guinea pig, 
Genet. Psychol. Monog., 1934, 15, p. 313). 

(20) Number of quadrants entered before reaching 


food compartment door sprung by stepping on 
floor plates. 


(21) Perfect trials (a more or less subjective estimate 
of the excellence of the animal’s performance). 

(22) Time to start from entrance box. 

(23) Time to run. 


Latch Box Problem (see sketch, Plate I). 
(24) Time to reach food compartment. 
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Conditioned Response (see sketch, Plate I. Adapted from L. N. War- 
ner, Association span of the white rat, J. Genet. Psychol., 1932, 41, 
p. 64). 


Animal required to jump across a fence to avoid 
shock which follows ten seconds after a stimulus, 
which, in variables [25] and [26]. was a buzzer. 

(25) Score — number of crossings (of fence) follow- 
ing buzzer. 

(26) Number of crossings in the intervals between 
trials. 

(27) Same as twenty-five except a light was substitut- 
ed as the conditioned stimulus. 

(28) Number of crossings in the intervals between 
trials. 


Columbia Obstruction Apparatus (see sketch, Plate I. Adapted from 
T. R. Jenkins, L. N. Warner, and C. J. Warden, Standard apparatus 
for the study of animal motivation, J. Comp. Psychol., 1926, 6, p. 366). 


Animal motivated by one-day hunger was re- 
quired to cross electric grid to reach food com- 
partment. 

(29) Number of approaches to the grid. 

(30) Number of contacts with the grid (resulting in 

shock). 

(31) Number of complete crossings of the grid. 


Feeding on Preliminaries. 


(32) The ratio of the time actually spent in eating to 
the total time available for this purpose, obtained 
on the preliminary training on Maze A, the Jen- 
kins Box and the obstruction apparatus. 


The scores of these variables were correlated and the direction of 
the variable chosen in such a manner as to call all “good” scores the 
same sign. Whatever a “good” score was to be was arbitrarily de- 
fined, and the following were chosen as “good” scores: 


Revolving Wheel — large number of turns. 

Mazes — few errors or short time. 

Problem boxes — short time, few quadrants entered, 
and many perfect trials. 

Conditioned Response — many crossings of the fence. 

Columbia Obstruction Box — many approaches, con- 
tacts or crossings. 


The upper right portion of Table I (above the diagonal) shows 
the matrix of raw intercorrelations obtained in this manner and 
found on pages 42 and 43 of Thorndike’s monograph. 
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TABLE 2 


Matrix F’, — The centroid factor loadings, the communalities and 
the reliabilities of the 32 variables 











Vy Factor 

os GE St It; IV| V | VI | Vil| Vill; Ix) xX | he) 4, 
1.388) .235| -.179, —351/ .104) .191 -.186 | -.235 .067 |-182 | .499 | .98 
2.759; .803| .154) .215| .183) .262) .144/ .048 -.193 |-.083 | .907 | .81 
3 .729| .813/ .113) .277| .281) .165 | .106| -.136 -.037 | .181 | .873 | .69 
4 683) .403| .149) .269] .279| .218  .116| -.076 -.159 | .095 | .902 | .88 
5 |,713.| .458/ .187| .038] .289| .167| .177| .184/ .027 | .088 | 908 | 84 
6 | .656| —.401| .247| —071| .220| -.201 |-.267| .059 .020 41 | 841 | .77 
7 | .611| -292) .409| .038| .399| —239 |-.224/ -.126 -.069 |-.080 | .921 | .79 
8 | .609| —362| 354, .007| .470| -219 -.249| .088 -.052 ee | .968 | .81 
9 | .563|) -.148| .417) -325| .284) -303 |-271| .189 .022 | .092 | 893 | .91 
10 | .579| .349 | -.193, .286|-.105| .006 |-.160 | -.107 -.077 |-.032 | 681 | .47 
11 |.462/ .439 |-.322) .217| -.280| -091 -.281! .103 .176 | .071 |.744 | .53 

| | 
12 |.607| .524|-.195  .259| .046| -168 -.129} .080 .097 |-.095 | 820 | .49 


13 |.515| .548 |-.087 -.128) .043|/ -.249 | .068 .111  .102 | .204 |.722 |.83 








14 |.552| .665 |-.162) .084| .021;-.184 028 141 .186 | .046 |.872 | .47 
15 468 | -.071 | 066 .225| -.487| —188 -.163 | -.080 |-.149 |-.194 |.644 | .67 
16 |.519|-.207 | .286| .269)-257| .147 | .122 |~.281 | .342 |-.078 |.771 | .54 
17 | 526 | -.247 | 336.261] -367| .079 | 137 |-.319 | .263 |-.146 |.871 | ? 
18 |.494| .179 | .265 | -—488| -.189| -.193 |-.063 | 048 | .062 | .265 |.738 | .92 
19 |.623 | .066 | .162) .107| -.296 | -.088 -.009 -.082 | .052 |-.146 |.556 | 55 
20 |.200|-.442 | 088, .151/-.185| .221 | 018 .351 |-131 | .165 |.516 | .73 
21 |.086 | -.487 |-.022 .200| -.083| .108 -.221  .361 /-.290 | .122 |.582 |.41 
22 |.642/ .132 | .191 | -.476 ~.180 | -.026 | .100 | .227 |-.027 |-.209 |.882 |.94 
' | | | 





| | 
23 |.649 | -.168 | .199| -.361/ -183} .181 | .193 | .351 |-.215 |-.126 |.893 |.90 
24 |.367|-.144 | .219 -.101| —215 | -.039 | 109 -.305 | .179 | 238 /.455 |.87 
25 |.391 | -.294 |-.579 | -.092/ -.002 | .384 |-.283 -.116 |-.069 | .126 |.845 |.87 
26 |.350 | -—.219 |-.480| -057| .177| .375 | 143 | .046 | .126 243 |.674 | .90 
27 |.250 | -.364 |-.520| -.046/ -.141| .380 -.295 -.038 | 136 | .146 |.760 .90 
28 |.442 | 321 |-.462 -.236| 154) .355 |-153 -.107 | .079 -.036 .760 |.89 
29 |.243 | -.269 |-.148/ -.135| .218/-.394 | 447 .116 | .077 |-.122 |.608 |.73 
80 |.292 | -.223 |-273| .166| .160 | -.219 | .514 -.126 |-.176 |-.044 |.624 84 
31 |.309 -.217 |-129, .108|-.086 -.404 | .412 -.044 ~226 | 136 |.583 | ? 


32 463 .279 |-.041  -.261| -.164 -.096 | .021 -.231 -.149 |-.158 .499 |.79 





h2 = communalities ; 
r, = split-half reliabilities augmented by the Spearman-Brown formula for 
tests twice as long 
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As previously stated, three centroid factors were defined by the 
loadings of this table, and an attempt was made to interpret them. 

Further Treatment of the Data. In the present study the original 
table of intercorrelations was factored into ten significant centroid 
factors shown in Matrix F,, Table 2. The significance of the number 
of factors employed is based upon certain criteria developed in Pro- 
fessor Thurstone’s laboratory and not yet published. The table also 
contains the communality of each variable, h?, i.e., the sum of the 
squares of the factor loadings for each variable. A comparison of these 
with the reliability of each measure as reported by Thorndike, which 
is also given, indicates the extent to which the present study accounts 
for all the abilities involved in the performance on the various tasks. 
Thus, as would be expected, the maze behavior is fairly well accounted 
for. The eighteen measurements enable us to represent maze-perform- 
ance in a quite comprehensive manner. On the other hand, the 
performance on the revolving wheel activity cage shows a large 
discrepancy between the communality and the reliability. Here, then, 
is exhibited a complex of abilities which, though capable of reliable 
measurement, has comparatively little in common with the abilities 
made use of in the performance of the other tasks represented in this 
study and hence escapes identification. 

A comparison of the reported reliabilities and the obtained com- 
munalities (see Table 2) indicates that exclusive of the mazes the 
reliabilities exceed the communalities. But the maze measurements 
often show a reversal of this condition. This reversal must be in- 
terpreted to mean that, contrary to the expectation of Thorndike, these 
reported reliabilities are too low. This statement is strengthened by 
an examination of the table of intercorrelations (see Table 1) in 
which, in twelve out of thirteen cases, the variables in question show 
one or more raw correlations with some other variable which exceed 
the reported augmented reliability. In the thirteenth case another 
intercorrelation equals the reported augmented reliability. On the 
other hand, the reversal might conceivably mean that the several 
measurements of the same maze, by being almost duplicates of one 
another, would give rise to common factors in the error space. In 
that case the communalities might be too high. 

To indicate the extent to which the factorial Matrix F., found 
in Table 2, accounts for the original Matrix R (Table 1 above the 
diagonal), the matrix multiplication FF’ has been carried out and the 
resultant values entered in Table 1, below the diagonal. The discrepan- 
cies between corresponding entries constitute the tenth factor 


residuals. 
Rotation of Axes. After extracting the ten centroid factors 
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shown in Table 2, an attempt was made to rotate the reference axes to 
new positions in which they would conform to the principle of simple 
structure and positive manifold. Several methods of rotations were 
made use of; among them, the last one employed, was the method of 
extended vectors, a method recently devised by Thurstone (22). The 
final position of the reference axes is such that the cosines of the 
angles made by these new reference axes with the respective centroid 
reference vectors are those appearing in Table 3. The new reference 
vectors are tentatively denoted by capital letters, A, B, etc. 

Thus Factor A, defining one of the hyperplanes, is selected such 
that it makes an angle of +-16° 44’ (cos! .288) with the first centroid 
axis, cos“ .082 with the second, etc. 

This new set of reference axes does not define a strictly orthogo- 
nal frame. The cosines of the angles which these axes make with one 
another are given in Table 4, below the diagonal entries. Thirty-one 
of these (forty-five) cosines indicate that the corresponding angles 
between reference vectors are more than 87° (cos: = .0523). Of the 
six cosines which exceed -+.150, four are descriptive of angles which 
Factor D makes with the other axes; this question will be considered 
further under the discussion of this axis. It cannot be stated whether 
or not one or more degrees of freedom would permit this structure to 
be described in a completely orthogonal frame, but since the maximum 
departure from orthogonality is 18° 40’, as indicated by a cosine of 
—.320, it may be said that for purposes of interpretation the factors 
are orthogonal. The cosines of the angles between the primaries them- 
selves are found in Table 4, above the diagonal entries. This matrix is 
designated 7'T’ and TT’ = D(ii')"D. 























Table 3 
Matrix A» 
Cosines of the angles subtended by the final and the centroid axes 
~~ Centroid * “Final a ge ee 
—— ee Se ee we ee ee ae ee ae ee 
~y | .288| 279) .210 | 270 .322| 124 .129) 360 .141| .166 
II 082 |-.218 | -.365 | .156| .182 |-.283 -.831 | .521 |-.221| -.048 
III | -.163|-.694| .189 285  .071 | -.402 -.044 |-.195 | 814] .024 
IV 276 |-.245| .021| .094 -680} .115  .299 .514| .202| -.342 
V | -546] 058] .582) .409| -.248| .149 |-.287 | .211 |-.334] .130 
vi | -.343| .342|-.427| .258/ -.240/-.405 | .140| .061| .193| .279 
VII | -.809 |-.288 | -.469 .055) .170} .721 |-.024 | .086 | .268] .212 
VIII | -.082 |-.330| .054 | -.362| 167 | -.056 | 659) 858 |-.382} .474 
IX | -173 | .124| .184 |-.672} .190 | -.132 |-.210 | .284 | .676| .140 
X | -509 | .077/-.093 | 150! .446 |-.057 | .449 | .196 |-.063 | -.685 
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The factor loadings on the new reference axes are given in Table 
5. It can be seen that they are, with the exception of variables [1] 
and [32], on Factor G, enclosed within a positive manifold. Other 
negative factor loadings are so small that they may easily be attribut- 
ed to chance errors. 


Table 4 


Entries above diagonal: matrix TT’ = D(A’)-D, cosines of angles between the 
primary factors established 
Entries below diagonal: matrix A)’, cosines of the angles subtended by the refer- 
ence vectors of the primary planes with each other 








Vector] A B Cc D E F c| Ha J K 





1.000 | -.015 | .058| .259| .259| -.006| .059) .003 | .091 | .065 
.014 | 1.000 | -009 | .025| -.044 | -009 | .106| .020  .042 .043 
-010} .022 | 1.000} .100} .113| .046 | .138) -.021 | .160  .009 
-.179 | -.003 | -.007 | 1.000] .261 | -008 | .194| -.021 | .867 | .255 
-.204| .0386 | —101 | -.214] 1.000 | -.016 | -—045| .056 | .065 | 041 
001 | .007 | -.045 | .004{/ .019 | 1.000 | -.005| .000 | .026 | -.041 
-.0380 ; -.108 | —.115 | —112| .095 | .010 | 1.000) -.250 | .213 | .187 
—.005 | -.049 | -.007 | --006 | -.038 | -.001 | .248| 1.000 | -.035 | -.011 
.003 | -—.022 | -.116 | —.320| .028 | -—.025 | -.1385 | -.010 | 1.000 | .086 


-.001 | -.026  .022 | -.222 | .018 0388 -.094| -.018 | .020 1.000 
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Psychological Interpretations of the Factors. In order that a 
factor may be identified and interpreted within a study such as this, 
the following conditions must be satisfied: 

1. It must possess a number of loadings of sufficient magnitude 
to identify it unequivocally. Thurstone (21) uses loadings of .40 or 
larger. 

2. The loadings should be derived from tasks of sufficient hetero- 
geneity that the investigator may identify the common psychological 
element as distinct from the mode of measurement. Thus, several 
factors in the present study, while easily identified as primary factors, 
cannot be described in terms of psychological principles because they 
are represented only by performance on one kind of apparatus. For 
such factors further investigation should be made in order that the 
loadings obtained on the one task already tested may be compared 
with loadings on a different task. Such other tasks, though they em- 
ploy the same ability, should differ sufficiently in mode of measure- 
ment (that is, apparatus employed) to enable one to arrive at the 
common principle by induction. The loadings of the task already 
measured should remain invariant. 

In the interpretation of the factors the reader must keep in mind 
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Table 5 
Matrix F; = Matrix F’,. Matrix \ 
Loadings on rotated factors 

ye a} Bij c| pv/| £| Fi c| w| 3| « 
aaa es ee eee a ee eee ee ee - 

1 | 084 | 450) 027 146.155 -.174) -.381 025-044) 211 

2 115 | -.001 | -.017 | .558 .000 024) .070 517 | 018 | .222 

3 002 | .081 | .083 | .555 | .033 | 045 | -.014| .586! .104 | -.040 

4 002 | .003 | .003 | .632 | -.002 | -.002} .002] .588; .000| .004 

5 -.099 |-.017 | .027 | .416 | .259 | -.005| .004} .639/ .002 | .215 

6 191 | 109 | .688 | 184 .123 | .011| .072| -.034| .063 | .202 

7 011 |-.014 | .725 | .413 | .083 | 005) -.006| .020| .037 | -.074 

8 028 | 001 | 810 | 825 | .026 | .025, .027) .027| -.031| .133 

9 -.037 | -.066 | 669 | 170 | .487| -140) .016/ -.017| -.086 | .128 

10 A49 | .215 | -.042 | .228 | -.025 | -032) .019| .481| -.019 | -.109 
11 | =.462 | .216 | -104 | -157 | .171 | -.117| 129} .597| .006 | -.112 

| | | | | | 

12 A18 | .088 | .095 | 085 | 072 | 005 | -.055| .695| -.075 | .031 
13 082 | .005 |-.006  .072 | 509 | .054) -.055| .527| -.126 | -.021 
14 .239 | .011 |-.040 | .017 | .820 | .018| -.075| .726 | -.061 | .046 
15 | 692 |-.007 | .001 /-.004 | .003 | -.002 | 157| .005| .169 | -.070 
16 216 | .055 | .030 |-.001 | .010 | .004) .005| .102| .739 | .018 
17 334 |-.004 | .003 | .001 | .010 | 034 | -.003 | -.007 | .754 | .007 
18 018 | -.012 | 070 | .029 | .754 |-.173| .018/ .001| .083 | .005 
19 455 |-.002 | .028 | .056 | .172 |-.003| .026] .171| .297 .071 
20 -.019 |-.001 |-.006 |-.015 | .012 | .014| .630} -.001| .075 | .080 
21 079 | .047 | .160 | .025 |-157 |-.024| .630] -.064 | -.181 | -.012 
22 .202 |-.008 |-.001 | .024 | 569 |-.081) -.005} .015 | .027 | .505 
23 109 |-.006 |-.034 | .129 | .455 | 308 | -.062 | .002 | .520 
24 000 | .091 | .004 | .053 | .854 | .028) -022| -.098 | .482 | -.191 
25 072 | .850 | .015 | 103 |-.008 | .002; .201) .030 | -.097 | -.007 
26 «=| -.026 | 572 |-.014 |-.020 |-.098 | .264! 015 | 146 | .073 | .440 
27° | «057 | .769 |-.010 |-.149 | .005 | --074 .275| .015 | .081 | -.012 
28 | -.034 | .788 | .140 | .063 | .059 | 071} .019} -.014 | .008 | .230 
29 | -.048 |-.027 | .235 |-.122 | .220 | .655'| -.036 | -.016 | .012  .258 
30 048 | 082 | .005 | .191 |-.042 | .744) .018 | 063 | .005 | .010 
31 154 |-.068 |-.005 | .103 | .187 | .686 .188 | -.002 | -.013 | -.161 
| .332 | .158 |-107 | .204 | .290 | .036! -.267 | -.010 | -.035 | .086 


32 | 
the direction of the measurements of 
which is given on page 182. 

Factor A. Inspection of column A 


errors, time consumption, etc., 


in Table 5, reveals that twenty- 


two variables have projections of between +.20. Such loadings, con- 
tributing only .04 or less to the communality, may be considered as 
zero entries and will be here-in-after referred to as vanishing projec- 
tions. Such a vanishing projection has no bearing on the interpreta- 
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tion of the factor in question. Five variables have loadings in excess 
of .400. They are: 


(10) “A errors” on elevated Maze C +.449 
(11) “B errors” on elevated Maze C +.462 
(12) “C errors” on elevated Maze C +.418 
(15) “A errors” on elevated Maze D +-.692 
(19) Time to run elevated Maze D +.455 


For the purpose of interpretation these loadings must be consid- 
ered of major importance. Some minor consideration should also be 
attributed to measures having projections of between .200 and .400. 


They are: 


(14) Time to run elevated Maze C +.239 
(16) “B errors” on elevated Maze D +.216 
(17) “C errors” on elevated Maze D +.334 
(32) Feeding on Preliminaries +.332 


Inspection of the loadings shown above indicates immediately that, 
except for [32], they are all measures of good performance on the 
elevated mazes. In other words, animals which possess this ability in 
more than average degree will make fewer than average errors on 
these mazes and take less than average time. What abilities or factors 
will effect such improvements? Honzik (5, p. 11) states: “Vision, if 
it is present, assumes the dominant, almost the exclusive, role in the 
learning of an elevated maze of the type used.” (His maze was not 
greatly different from Thorndike’s elevated Maze D.) 

A visual factor is therefore indicated; a factor which enables the 
animal to perceive visual patterns, react to visual cues; a visual-di- 
rectional ability. This conclusion is further corroborated by the find- 
ings of Tsang. (28, 29). 

It is a little more difficult to interpret the loading of variable [32] 
on this factor. One explanation might be that animals which rely pre- 
dominantly on vision for orientation in the sensory milieu will tend 
to respond to distracting stimuli visually (that is, merely by looking 
toward the stimulating object) while continuing to feed; on the other 
hand, animals which are not so constituted and hence do not rely so 
much on vision will, when disturbed, leave the food and investigate at 
closer range by olfaction, vibrissae stimulation, or other taction. 

Factor B. Twenty-five variables show vanishing projections on 
this factor. To be considered significant in explanation of the factor 
are the following: 


(1) Turns of the activity cage 4-.450 
(25) Number of jumps in response to the 
buzzer signal in “C.R.” apparatus +.850 
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(26) Number of jumps between buzzer 

signals +.572 
(27) Number of jumps in response to the 

light signal in “C.R.” apparatus +.769 
(28) Number of jumps between light sig- 


nals +.788 

Smaller loadings (probably insignificant) are: 
(10) “A errors” on elevated Maze C +.215 
(11) “B errors” on elevated Maze C +-.216 


The loadings indicated above are primarily those of the “condi- 
tioned response” apparatus. A reading of the report of Warner’s 
original experiment and also of Thorndike’s repetition of it leads one 
to believe that very little “conditioning” takes place in many animals. 
Those experienced in handling rats know of their “explosive” and 
purposeless behavior when shocked. This common observation, to- 
gether with the fact that loadings on [26] and [28] are, for all prac- 
tical purposes, as large as those on [25] and [27], leads one to doubt 
that any appreciable association of the signal with the shock is estab- 
lished. This factor, which is indicated by the above loadings, appears, 
then, to be a measure of wildness or panicky behavior, a measure of 
activities which are the results of fear. 

Interestingly enough, Vaughn (30) identified a wildness-timidity 
trait in his study, even though his factor does not appear to be so 
clear-cut. 

This fear may also cause the animal to avoid “A” and “B” errors 
on the first elevated maze by intensifying its attention to the available 
cues. 

This explanation fits in nicely with interpretation of [1] included 
in this factor. Dr. Lashley told this writer that wild trapped animals, 
when put into an activity cage, must be watched carefully lest they 
“run themselves to death.” 


Factor C. Twenty-seven of the variables have vanishing projec- 
tions on this factor. The significant ones are: 


(6) “A errors” in alley Maze B +-.688 
(7) “B errors” in alley Maze B +.725 
(8) “C errors” in alley Maze B --.810 
(9) Time to run alley Maze B +.669 


A small loading which might or might not be significant is 


(29) Number of approaches to the grid in 
the Columbia Obstruction Apparatus +-.235 
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This writer is at a loss to attempt any psychological interpreta- 
tion of this factor. Honzik’s (5) study shows that when an animal is 
deprived of vision and is faced with a problem normally solved by the 
aid of vision, it first falls back on olfaction for sensory cues. Factor C 
might represent an olfactory factor. Thorndike’s report does not in- 
dicate that there were any controls to eliminate it. 

On the other hand, the factor might have to be interpreted in 
terms of an ability displayed by the animal when faced with a double 
alternating alley maze. It should be remembered that Hunter (8) 
found that the animals had great difficulty solving this principle as 
such. 

Factor D. This one is the béte noire of the factors. As it stands, 
twenty-four of the variables have vanishing projections on it. The 
variables which unquestionably have high loadings on it are: 


(2) “A errors” in alley Maze A +.588 
(3) “Berrors” in alley Maze A +.555 
(4) “C errors” in alley Maze A +.632 
(5) Time to run alley Maze A +.416 
(7) “B errors” in alley Maze B +.413 


Some other and smaller loadings which may help in interpreting 
are: 


(6) “A errors” in alley Maze B +.134 
(8) “C errors” in alley Maze B +.325 
(9) Time to run alley Maze B +.170 
(10) “A errors” on elevated Maze C +.228 
(32) Feeding on Preliminaries +.204 


As the configuration is thus described the hyperplane defining 
zero loadings on Factor D has a number of large negative cosines with 
the other reference axes. These negative cosines mean that the hyper- 
plane described is turned up into the positive manifold. If the cosines 
were reduced by turning this hyperplane away from J and A, the 
variables with significant loadings on these factors would also take a 
considerable loading on D. In turn, this would mean that all the error 
scores on all four mazes would take on some loading. The objectionable 
feature is that it would leave a configuration which was rather ill- 
defined. After inspection of both alternatives, the first-mentioned one 
was selected. This choice allows the variables having loadings on Fac- 
tor C to take on loadings on D also, but excludes the ones on A and J. 

Inspection of the variables having significant loadings on this 
factor discloses that they are all temporally located at the beginning of 
the experimental routine and that these loadings decrease progressive- 
ly as time goes on and as the animals accustom themselves to their 
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environment. The animals which possess this ability adapt relatively 
quickly to new situations and, by so doing, are able to bring other 
abilities into play, thereby making comparatively few errors at the 
beginning of the experimental period. Such a factor is probably of 
an emotional rather than a cognitive nature and would be closely allied 
to the general progressive adaptation so prominently mentioned by 
Jackson (10) and by Alm (1). It has a counterpart in humans which 
is implied when we speak of children as having become “test wise.” If 
the scores had been made by human subjects, this factor might have 
been termed “self-confidence.” 

The manifestation of this factor is probably the one which caused 
Tolman and Nyswander (24) to postulate that retracing was due to 
nervousness and caution, and the fact that [7] and [8] have signifi- 
cant loadings, whereas [6] and [9] do not, fits in with this line of 
reasoning. 


Factor E. Twenty-two variables have very small or no loadings 
on this factor. Those to be considered are: 


(5) Time to run alley Maze A +.259 
(9) Time to run alley Maze B +.437 
(13) Time to start running elevated Maze 
‘Y +.509 
.(14) Time to run elevated Maze C +.320 
(18) Time to start running elevated Maze 
D -+.754 
(22) Time to start running in Jenkins 
Circular Problem Box +.569 
(23) Time to run Jenkins Circular Problem 
Box 
(24) Time to reach food compartment in 
Latch Box Problem +.354 
(32) Feeding on Preliminaries +.290 


All the above measurements are of time consumed to do some 
task. Animals possessing this factor in a more than average degree 
will take less than average time to perform the above tasks. 

Some smaller loadings on this factor are: 


(19) Time to run elevated Maze D 4-272 
(29) Number of approaches to grid in 
Columbia Obstruction Apparatus -+.220 


The ability indicated may be called a “speed factor” as Vaughn 
(30) termed it, but this name does not seem to do justice to the 
concept even though its end product is not incommensurable with 
speedy action. Possibly underlying the behavior measured here is a 
differential of motility of an innate character. Leeper (14) and 
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Rundquist (18) have shown that there is a hereditary aspect about 
this difference in rate of auto-kinesis. 

This factor has been anticipated or surmised by a number of in- 
vestigators. Time measurements have been subject to published specu- 
lation by, among others, Hicks (4), Hubbert (7), Davis and Tolman 
(3), Tolman and Nyswander (24), for animal learning, as well as 
Husband (9), Snoddy (19), Tinker (23) and Tryon (26), for hu- 
man learning. 

It should be noted that with the exception of variable [18], each 
one of these measures shows significant loadings on at least one other 
factor; that is, time scores reflect speediness of the animal together 
with the time consumed in making various kinds of errors. Both of 
these have been partialed out in the present study. Time scores were 
analyzed by partial correlation technique by Tolman and Nyswander 
(24). Their conclusion, based on an incomplete realization of the 
principles involved, was that time scores were ambiguous and should 
not be used. The present study indicates that, while raw time scores 
are ambiguous, they are no more so than raw error scores if these 
also have loadings on several factors. 

Factor F. Twenty-eight variables have insignificant loadings on 
this factor. The significant ones are all connected with the Columbia 
Obstruction Apparatus. 


(29) Number of approaches to the grid +.655 

(30) Number of contacts with the grid 
(resulting in shock) +.744 

(31) Number of complete crossings of grid +.636 


A smaller loading is found on 


(26) Number of crossings between the 
buzzer signals in the Conditioned Re- 
sponse Apparatus +.264 

It is difficult to make psychological interpretations of such load- 
ings, but, so far as this battery is concerned, the factor seems to be 
specific to the Columbia Obstruction Apparatus. The apparatus was 
designed to measure strength of drive under punishment, and this in- 
terpretation is possibly as close as the factor can be defined at present. 
Factor G. Twenty-five variables have none of their variance to 
be accounted for by this factor. Those which have large loadings are: 


(20) Number of quadrants entered in 


Jenkins Circular Problem Box +.630 
(21) Perfect trials in the Jenkins Circu- 
lar Problem Box +.630 


(1) Number of turns on Revolving Wheel 
Activity Cage —.381 
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Other smaller loadings are: 


(23) Time to run Jenkins Circular Prob- 


lem Box _ +.808 
(25) Crossings to the buzzer in Condi- 

tioned Response Apparatus +.201 
(27) Crossings to the light in above ap- 

paratus +.275 
(82) Feeding on Preliminaries —.267 


In this case, also, psychological interpretation must be made with 
care. Strictly speaking, all that can be said about this factor is that 
it is specific to the Jenkins Circular Problem Box; yet the writer 
deems it important that this factor also splits the scores on the Con- 
ditioned Response Apparatus in such a way that the scores which indi- 
cate understanding of problems [25] and [27] have loadings, where- 
as the other scores on this same piece of apparatus (but indicating 
only erratic and random behavior under the stimulation of fear) have 
no loadings at all. This factor appears to indicate the extent to which 
specific association between signal and response was established. 

This factor is also the only one in which a significant negative 
loading ( on variable [1]), is observed. 

What, then, shall we say of animals which: (1) enter few quad- 
rants, have many perfect trials and take short time in the Jenkins 
Box; (2) make relatively few turns on the activity cage; (3) within 
the limited training time on the Conditioned Response Apparatus, 
learn to cross at the right time? They seem to display some kind of 
a cognitive, possibly a logical, factor, a generalized problem-solving 
ability and perhaps an alertness to sensory cues. The presence of [32] 
in negative form cannot be explained by this writer; it might be 
fortuitous. 

Factor H. Twenty-three variables have vanishing loadings on this 
factor. Nine variables have significant loadings. They are: 


(2) “A errors” in alley Maze A +.517 
(3) “B errors” in alley Maze A +.586 
(4) “C errors” in Alley Maze A +.588 
(5) Time to run Alley Maze A +.639 
(10) “A errors” on elevated Maze C +.481 
(11) “B errors” on elevated Maze C +.597 
(12) “C errors” on elevated Maze C +.695 
(13) Time to start on elevated Maze C +.527 
(14) Time to run on elevated Maze C +-.726 


Obviously, the common element in this case is the principle of 
turning alternately right and left. The discovery of this working 
principle seems well within the grasp of the animals. An “alternating 
hypothesis” was described by Krechevsky (11). Miles (17) has 
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shown that the principles or factors used in the alley maze are also 
made use of in the elevated maze and vice versa. 

Factor J. Twenty-eight variables have vanishing projections on 
this factor. Only three variables have loadings above .400, and one 
has a loading of about .300. The variables with significant loadings 


are: 


(16) “B errors” on elevated Maze D +.739 
(17) “C errors” on elevated Maze D +.754 
(24) Time to reach food in Latch Box +.432 


Another fairly high loading is 
(19) Time to run elevated Maze D +.297 


It is difficult to differentiate this factor from A. Both appear to 
involve vision. Yet J is independent of A. Dr. Thorndike told the 
writer that “B’” and “C” errors on the D Maze were relatively rare. 
The most plausible interpretation seems to point to “relationships 
visually perceived,” perhaps a “visual insight” factor, as distinct from 
A, which seems to operate as a “visually directing” factor at choice 
points. Honzik’s data (5) on the function of vision in maze learning, 
and Honzik and Tolman’s data (6) on the role of vision in spatial 
relationship, both indicate that more than one factor enters into the 
observed behavior. One of these, A, may be tentatively thought of as 
an ability to benefit from sensory cues at the various choice points, 
while the other, J, may be thought of as a visual perception of the 
total maze gestalt. 

Factor K. The hyperplane defining absence and presence of sig- 
nificant loadings on this factor is not very well determined. It may be 
that this factor is contaminated by factors not extracted. There are 
twenty-three variables having negligible loadings. On the other hand, 
only three variables have loadings in excess of .400. They are: 


(22) Time to start running in the Jenkins 


Circular Problem Box +.505 
(23) Time to run above-mentioned appa- 
ratus +.520 


(26) Number of crossings between buzzer 
signals in Conditioned Response Ap- 
paratus +.440 


This leaves six variables having loadings between .200 and .300. They 
are: 

(1) Number of turns in activity cage +.211 

(2) “A errors” in alley Maze A +.222 


(5) Time to run alley Maze A +.215 
(6) “A errors” in alley Maze B +.202 
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(28) Number of crossings between light 
signals in Conditioned Response Ap- 
paratus 

(29) Number of approaches to the grid in 
Columbia Obstruction Apparatus +.258 

This is probably a residual factor as it stands, and no attempt will be 
made to interpret it psychologically even though there seems to be 
some consistency in the loadings. 

Factors and Apparatus. A survey of the battery in terms of the 
concomitance of primary abilities and the apparatus employed as 
measurement will be attempted. It would seem pertinent to think of 
this when selecting apparatus for further research. 

The activity wheel cage, as has been stated, is a reliable measur- 
ing instrument, but, except for loadings on B (tendency toward 
panic) and G (cognitive?) factors, the behavior exhibited in this 
apparatus is not sufficiently like that measured by other tests in the 
battery to be distinctly analyzed. Much of the variance remains to be 
accounted for. 

The Warner-Warden single alternating maze involves two factors 
previously described, the D (general adaptation or confidence) and the 
H (single alternation principle) factors. The time measurement re- 
flects both these factors and, in addition, the general motility factor, 
E. 


4.230 


The Warner-Warden double alternating maze yields scores which 
define a Factor C. This appears to be specific to this apparatus in so 
far as this battery is concerned. The time measurements behave as 
indicated above. 

The elevated mazes seem to be primarily solved by the visually- 
directing ability, Factor A. If the maze also involves a single alter- 
nating principle, Factor H also may be involved. Apparently a high 
degree of familiarity with elevated mazes leads to a shift from be- 
havior depending upon visual orientation at each choice point to an 
insight in terms of the total visual gestalt (Factor J). 

The Jenkins Circular Problem Box has a factor specific to it in 
so far as this battery is concerned. A guess might be made that this 
is some cognitive factor, but such a guess is based on inadequate load- 
ings. 

The Latch Box presents a dilemma similar to that of the Activity 
Cage. The large difference between the communality and the reliabil- 
ity indicates that the ability to solve this problem is not utilized in 
other tasks represented in the battery. There is a loading on the 
visually-perceptive Factor J, but it accounts for only a small portion 
of the total variance of this test. 
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It turns out that the so-called Conditioned Response Apparatus 


measures principally a tendency for hyperactivity under fear. This is 
probably the same factor generally referred to as wildness. There are 
some slight loadings of the relevant responses on a factor tentatively 
identified as cognition, G. 


The Columbia Obstruction Apparatus employs a factor which in 


the battery under consideration is specific to this piece of apparatus. 


The writer has lithoprinted copies of the 45 plots (each factor 


with every other one), together with a plot of the tenth factor 
residuals. They may be obtained on request. 


1, 


10. 


44. 


12. 


13. 
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FACTOR ANALYSIS AND THE INDEX OF CLUSTERING* 


GALE YOUNG 
The University of Chicago 


The initial problem of factor analysis is described as a search 
for clustering of the test vectors. Curves are developed which give a 
visual picture of the clustering tendency, and an index of clustering 
is derived which provides a simple estimate for the number of fac- 


tors. 


It is well known that the same test given to the same person a 
number of times leads to a set of scores which may have considerable 
dispersion. By definition the true score of a person in a test is the 
average of an infinite number of repetitions. In practice this has to be 
amended for obvious reasons, but the principle is clear: any test score 
is regarded as drawn from a population of scores of which the mean 
is the true score. A sample score is the sum of the true score and an 
error score from an error population with zero mean. 


I 


If a factor analysis is to be run on a group of tests and a group 
of individuals, the ideal procedure would be to repeat the testing an 
infinite number of times and average the scores to obtain the true 
scores. Suppose to begin with that this procedure has been followed, 
and let Si; be the true score in test i (¢ = 1--- m) of individual 
j (7 =1---N). Suppose N > n. The x tests represent n vectors in 
the population space of N dimensions. The vectors themselves lie in a 
subspace y of not more than » dimensions, and factor analysis is con- 
cerned with the configuration of the vectors in this subspace. They 
might stick out in all directions like pins around a cushion ball, or they 
might tend to cluster together so as to be approximately contained in 
a still smaller subspace R of dimensionality r which is less than that 
of ». 

For example consider a case in which » is 2-dimensional. The 
vectors might be clustered around a preferred direction as in Fig. 1, 
so that such an R of lower rank can be found; or they might be spread 


__* Based, in part, on a paper “Matrix Approximation Criteria” read at the 
District meeting of the Psychometric Society, Chicago, April 3, 1987. The author 
wishes to acknowledge suggestions gained in conversations with Dr. A. S. House- 
holder and Mr. Clyde Coombs, of the University of Chicago. 
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around as in Fig. 2, in which case there is no such R. In the first cage 
clustering is present; in the second it is absent. 








FIGURE 1 FIGURE 2 


In 2- or 3-dimensional spaces clustering can be detected by simply 
plotting the vectors and looking for it; in higher-dimensional spaces, 
this method is not possible, and the degree of clustering must be ascer- 
tained by analytical methods. The straightforward method of pro- 
cedure is to see how nearly the vectors are contained in the best fit- 
ting one-dimensional subspace, then how nearly they are contained in 
the best 2-space, etc. At any stage the size of the residuals, represent- 
ing the differences between the original vectors and their projections 
into the best subspace, shows how nearly the test vectors are clus- 
tered into a space of that dimensionality. 

Let ¢(d) be the sum of the squares of the residuals for the best 
subspace of d dimensions. Then the graph of ¢ against d gives a vis- 
ual picture of the clustering tendency. At d = 0, it is equal to the sum 
of the squares of the scores S;; , and it drops monotonically to zero for 
some value of d equal to or less than n. Further, the curve is always 
concave upward, so that it descends more steeply at first than it does 
later. 

The clustering can be seen by merely looking at this curve. For 
example, in Fig. 3 the vectors are practically all congregated together 
in an 7-dimensional space, and one would stop after taking out r fac- 
tors in the analysis; in Fig. 4 there is no such stopping point. This 
can perhaps be seen even more clearly by considering 4(d) = ¢(d) — 
¢(d—1), which quantity measures the importance of taking out the 
d-th factor. Thus in Fig. 3a all the factors beyond the r-th are negli- 
gible compared with the first r. In Fig. 4a, however, they are all the 
same size and there is no justification for retaining some and dropping 
others. 

Now A(d) is the d-th largest latent root of A = SS’ , so that the 
configuration represented in Fig. 4 and Fig. 4a is a completely spheri- 
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cal one, in that its principal axes are all of equal length. There is thus 
no preferred direction at all, and the vector arrangement is complete- 
ly random. The other extreme from complete randomness is complete 
clustering, in which the vectors would all lie along the same line. Fig. 
1 and Fig. 2 approximately represent these extreme cases. In Fig. 5 
the upper line represents a completely random configuration, the low- 
er line a completely clustered one. It is seen that the greater the clus- 
tering the smaller the area under the ¢ curve. 

The picture of the clustering tendency afforded by the curves 
above is clear and complete, and is available in actual factoring to 
show when to stop taking out factors. Thus the factoring may be 
stopped when the next 4 (these quantities decrease monotonically with 
d) has become negligible compared with the preceding ones. 
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FIGURE 5 


II 


It is convenient to have some measure of the clustering which can 
be readily applied to any given matrix S without going to the labor of 
calculating the above. What is wanted is some measure of the in- 
equality of the latent roots of A = SS’. For this purpose we may con- 
sider their dispersion, namely 


a= > (4;—4)?, (1) 
where 


nd =l=S4 = TA, =TD8%;- (2) 
1 4 j 


1 


This quantity vanishes when S represents a completely random 
vector arrangement, and increases to 


1 
b= (1——) F 
( — ) (3) 
as the vectors swing into a completely clustered configuration. Hence 
a 
Sat (4) 


is a quantity which increases from 0 to 1 as the matrix varies from 
complete randomness to complete clustering. It can be shown that ¢ 
is also given by 





f 
|= 
ie 
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$ p> (Ai — Aj)? 
‘=-~“s—-1F (6) 





The set of latent roots 4; , or rather their relative sizes 4i/l , com- 
pletely specifies the clustering. The same is not strictly true of ¢ ; 
for example, the following two sets of numbers both have / = 6 and 
t = 0.0825: 


Set no. 1 3 2 1 
Set no. 2* 3.15 1.5 1.35. 


The reason for this may be seen by expanding (1) to obtain 
1 
a eae 6 
a=Ddii : l (6) 


from which it is clear that £ involves only the first two power mo- 
ments of the 4; , whereas the first » moments would be required to 
completely specify the 4; . Note that 
n o 
se vi 
which, apart from a factor involving 7 , is simply the relative disper- 
sion of the jj; . 

However ¢ does roughly increase monotonically with the degree 
of clustering, and hence may be called an index of clustering. To see 
this it is necessary to consider the behaviour of « in greater detail. 
Given a set of 4; and consequently a value of a, let two of them, say 
4, and i», , change equally and oppositely while the others remain con- 
stant. This keeps their sum / also constant. Under these conditions 
the change in a with respect to 4 is found by differentiating (6) to be 

0a 

Tay Ae am) - (8) 
Now start with a completely random matrix so that the 4 are all equal. 
We may reach any other set of 4 with the same sum and arranged in 
decreasing (from the left) order of magnitude by decreasing 2,, to its 
final value and correspondingly increasing /’s at the left end, then de- 
creasing An, , etc. Let 4, be the decreasing root and 2,, the increasing 
one. Since always j,, > 4, during such a process, we see by (8) that 


*More exactly, 
4.5 + V3.25 1% 4.5 — V3.25 


ce 


2 2 
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a continually increases. The more the roots at the left gain, the high- 
er the clustering (see Figs. 3a and 4a) and the larger is a. Thus ¢ is 


monotonic with the clustering. 
For the simple type of configuration in which n — p of the roots 


are zero, while the other p are equal( which would be clearly a p-fac- 
tor case), £ has the value 





n—p 
f(p) = ———~ (9) 
(>) = 5@—1) 
from which 
= = (10) 
© 16a" 
If ” is considerably larger than p, (9) is approximately 
1 

a _~—, 11 
(p) : (11) 


and in this case the number of factors is simply 1/¢. 

If the matrix is known to have t zero roots, then its vectors are 

arranged randomly in the remaining (n — t)-space if 

" t 

0 er =) a — 
Any excess over this value is a sign of clustering. This may be used to 
test a residual matrix for randomness after t factors have been re- 
moved from the original score matrix. The ratio of the excess to 
[unity — (12)] gives a measure of the clustering of the residuals in 
the residual space. 

The quantity ¢ can of course be employed to study the clustering 
of any sub-set of vectors of the configuration, and hence may be useful 
in picking out sub-clusters or constellations, etc. 

Having indicated some uses of the ¢ function,* we turn now to 
its calculation. Since a is a symmetric function of the roots of the 
characteristic equation of A = SS’, it can be expressed in simple man- 
ner in terms of the coefficients of that equation. In fact, if the equa- 
tion is 





An"—1A™*+hfjn’?+..-=0, (13) 

then+ 
* Any power or root of § would vary from 0 to 1 monotonically with {, and 
hence would also serve as an index. In an application to theory of single tests 
it has been found that Wf makes close contact with the usual index of reliability 
(Young, Gale and Libby, J. E. P. On the index of reliability. Unpublished manu- 


script). 
+ Dickson, L. E. First course in the theory of equations. New York: John 
Wiley & Sons, 1922. 





h- 
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DAZ =P —2h. (14) 


Now / is simply the quantity defined in (2), while h is the sum of all 
principal 2 < 2 minors of A , namely 
2h =} (Ai A; — G;;7) 
ij 
(15) 


=P—Z3a/. 


Combining (6), (14), (15), and the definition of ¢ we finally obtain 


- 





_ 2s a?—P 
sil (n—1)2 ° 


In other words, the calculation of ¢ requires the sum of the diagonals 
of A, and the sum of squares of all its elements. This last quantity 
may perhaps be approximated by calculating the mean @ of the aj; , 
estimating in some manner their dispersion, o*, and using (@)? + 
o = a. Or this might be done only for the off-diagonal elements, the 
sum of squares of the diagonals being computed exactly. 


III 


We may illustrate the above considerations by applying them to 
a matrix recently studied by Mosier.* He took an apparently 4-factor 
20 * 4 size matrix V,, formed R, + V, V.’, sprinkled error compo- 
nents into R, to get another matrix R, , and then factored R, to see 
how nearly he got back to the configuration of V,. This was done to 
afford a comparison of various criteria for the factoring process. 

Now in such a study as this it is important to know just what 
the configuration of the starting matrix V, is; otherwise it is hardly 
possible to judge criteria for getting back to it. Since the non-zero 
latent roots of V, V.’ are the same as those of V,’ V,, it suffices to con- 
sider the latter smaller matrix. Its £ value is readily found to be 0.104, 
from which (10) gives, with n = 4, p = 3.05; i.e., it is indicated that 
V, represents only a 3-factor matrix. To check this finding, the la- 
tent roots were computed and found to be 6.15, 5.22, 2.40, and 1.08. 
Thus 2 factors will account for 76% of the variance of V,, while 3 
factors will account for better than 92%. In other words, the 4-th 
factor represents but 7% of the total variance, confirming the above 
indication that V, is essentially only a 3-factor matrix. 

Comparing with row 6 of Mosier’s Table III, which represents 


* Mosier, C. I. Influence of chance errors on simple structure, Psychometrika, 
1939, 4, 33-44. 
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a rough set of 4 values, we find that the first 4 values, 6.28, 5.12, 2.03, 
and 1.57, agree roughly with the latent roots as given above; and 
hence that his criterion No. 6 does give a fair indication of what was 
really in his starting matrix V . 
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A FACTOR ANALYSIS OF THE ORIGINAL 
STANFORD-BINET SCALE* 


RUTH E. WRIGHT 
The University of Chicago 


From the original Stanford-Binet scale, those items passed by 
between 10 and 90 per cent of a group of ten-year-old children were 
analyzed by the centroid method. Upon rotation, there appeared a 
common factor, for which two explanatory hypotheses are offered, 
the more tenable being that it is an effect of maturation. Primary 
factors tentatively identified are Number, Space, Imagery, Verbal 
Relations and Induction. A sixth factor apparently involves a rea- 
soning ability and a seventh can not be interpreted. 


This study is an attempt to isolate the primary abilities in a part 
of the original Stanford-Binet Scale (3), to identify them if possible, 
and to determine the factorial content of each test item under con- 
sideration. 

It was desired to have a population of subjects whose mental de- 
velopment as measured by mental age varied widely. In order to keep 
the subjects as homogeneous as possible, chronological age was held 
constant between the limits of ten years and ten years, eleven months, 
inclusive. This age was selected as one which should give a wide range 
of performance in the middle part of the scale and as one for which 
individual differences, if any, in the rate of mental development should 
be noticeable. 

The data were obtained from the Institute for Juvenile Research, 
Chicago, Illinois. The records of all ten-year-old children who were 
tested at the Institute during the period from 1927 to 1937, inclusive, 
were analyzed to determine which items should be used as variables. 
It was impossible to use the entire scale since the actual test perform- 
ance of a population of individuals of a given age would not include 
all the items. The criterion for the selection of items was based on 
the proportion of successes and failures. Only those items which were 
passed by more than 10 per cent and by less than 90 per cent of the 
population were included. After this process of selection, thirty-one 
items were retained. The addition of mental age brought the number 
of variables to thirty-two. 

* The writer is indebted to Dr. L. L. Thurstone for his interest and assist- 


ance throughout this study and to Dr. Andrew W. Brown, who made possible the 
collection of data at the Institute for Juvenile Research, Chieago, Illinois. 
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TABLE 1 
Correlational Matrix 
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The variables are described below in the order of their code num- 
bers: 


1.(VII -3) Repeating five digits 
2.(VII -6) Copying diamond 
3.(VIII -1) Ball and field, inferior plan 
4.(VIII -2) Counting backwards from 20 to 1 
5.(VIII -3) Comprehension 
6.(VIII -4) Finding likenesses between 2 items 
7.(VIII -5) Definitions superior to use 
8.(VIII -6) Vocabulary 
9.(IX -1) Giving date 

10.(IX -2) Arranging five weights 

11.(IX -8) Making change 
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TABLE 1 (continued) 
Correlational Matrix 








16| 17| 18 


— | ——_ 








19 











=\= 22| 23 | 24| 25| 26| 27| 28| 29 | 30 | 31 


| | 
te al a 

















60 |.73| .54 | .48 |.67 | .62 |.59 60 | 
50 |.60| .61 | 52 |.65 |.70 |.61 |.82| .57 
39 |.53/ 61 | .40 |.41 |.52 |.42 |.51| .52 | .46 














59 |.48| .52 | .28.| 68 | .58 |.57 |.46) .48/ .63 |.30 











.71 | .79 |.85) .86| .75 |.90 | .88 |.80 |.83| .80| 83 .86 .84 


| ' t 





12.(IX -4) Repeating four digits backwards 


18.(X 
19.(X 
20. (X 
21. (XII 
22. (XII 
23. (XII 
24. (XII 
25. (XII 


-5) 
-6) 
-1) 
-2) 
-8) 
-4) 
-5) 
-6) 
-1) 
-2) 
-3) 
-4) 
-5) 


Three words in one sentence 
Rhymes 

Vocabulary 

Verbal absurdities 

Drawing designs from memory 
Reading and report 
Comprehersion 

Naiming sixty words in one minute 
Vocabulary 

Definitions, abstract words 
Ball and field, superior plan 
Dissected sentences 
Interpretation of Fables 
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26.(XII -6) Repeating five digits backwards 
27.(XII -7) Interpretation of pictures 
28.(XII -8) Finding likenesses, three items 
29.(XIV -2) Induction test, paper cutting 
30.(XIV -4) Problem questions 

31.(XIV -6) Reversing hands of clock 

32. Mental age 


Records of subjects who passed nearly all or who failed nearly 
all of these items had no value for the analysis and were discarded. 
Four hundred fifty-six subjects had a sufficient number of items with- 
in the specified range and were included in the study. 

The intercorrelation coefficients of the thirty-two variables were 
computed. Tetrachoric coefficients were used. Computational labor 
was reduced by the use of facilitating tables (1). The resulting inter- 
correlations are shown in Table 1. The coefficients were all positive, 
as was to be expected from the nature of the material, and all were 
.24 or higher. 

The correlational matrix was factored by the centroid method, 
following the procedure outlined in the appendix of Vectors of Mind 
(6, pp. 232-250) with one exception. After the sign change in the ex- 
traction of the second factor, reflection of the variables was effected 
by a more complete method (6), which increases the amount of total 
variance accounted for by each successive factor. 

The number of factors which were extracted from the correla- 
tional matrix was determined by applying Tucker’s empirical rule 
(5, pp. 66-67) that when all the significant factors have been extract- 
ed so that only chance variation remains in the residuals, an empiri- 
cal criterion ¢ takes a limiting value. ¢ is defined by the equation 


= jee 
NV SPs 





where S P, is the sum of the absolute values of the residuals after S 
factors, and § Ps., is the sum of the absolute values of the residuals 
after S+-1 factors. The summation includes the diagonal entries; © Ps 
includes the adjusted diagonals and BS Ps., includes the computed di- 
agonals. The limiting value which ¢ approaches is 


n—1 

n+-1 
where » is the number of variables in the correlational matrix. The 
limiting value of ¢ for thirty-two variables is .939. After six factors 


were extracted, the value of ¢ approached the limiting value and 
after seven factors were extracted, the value was .952. Since .952 
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TABLE 2 
Centroid Matrix 

I II lil IV | V VI | VII 

1 854 —.065 —.127 118 | 104 102 | —.083 

2 -794 —.246 129 —.248 | —.146 242 | .078 

3 .679 —.182 .310 — .320 —.189 —.207 

4 837 —.297 —.244 _.204 | —.179 .228 —.113 

5 -715 131 .153 —.081 | —.080 —.252 —.051 

6 -726 .079 092 208 | .097 —.166 .290 

7 838 .052 —.060 —.160 | —.040 .166 185 

8 -903 164 —.038 —.149 .217 —.028 Lit 

9 -769 —.152 —.155 .148 091 .078 —.158 

10 .694 —.154 122 055 | —.107 .072 .076 
11 778 —.307 .085 245 | —.099 163 —.034 
12 .812 —.234 —.103 192 | —.160 —.226 —.152 
13 .898 —.052 —.106 .087 .063 —.143 .058 
14 -753 .099 —.087 .144 .066 041 | .108 
15 877 Ra 108 | .085 .075 047 | —.121 
16 .872 105 256 | 124 | —.086 —.146 171 
17 .567 —.318 —.088 —20T | — 198 .166 .160 
18 .852 —.021 —.263 .081 .168 251 —.189 
19 -769 .159 146 | .069 —-.028 —.053 —.139 
20 -729 —.083 —.056 | —.063 .085 .029 147 
21 -786 .512 .066 —.110 —.284 108 —.034 
22 “tte 349 —.094 —.062 .083 —.078 —.147 
23 .669 —.197 473 —.138 —.123 —.176 —.243 
24 .816 .226 —.207 —.049 —.147 .051 —.093 
25 834 196 —.101 .073 —.060 —.117 —.152 
26 764 | —.152 —.230 199 —.089 —.129 | .067 
27 -739 —.103 .243 <2 | 495 —.082 | .102 
28 .804 .153 .062 174 —.082 AF 189 
29 .744 .077 —.245 —.230 —.223 —.196 | —.057 
30 ae | 147 .262 —.092 .202 .228 | —.147 
31 -740 | —.150 —.211 —.273 185 —.153 | Lik 
32 1.044 | 011 .032 —.164 .091 066 | —.071 








slightly exceeded the limiting value, no more factors were drawn. The 
centroid matrix is shown in Table 2. The seventh factor residuals 
were tabulated and are presented in Table 3. They are consistently 
small and their range is between -+.169. 

The arbitrary orthogonal reference frame obtained by applica- 
tion of the centroid method to the correlational matrix was rotated 
into a unique position with reference to the co-ordinate axes in order 
that the axes should be scientifically meaningful. Each co-ordinate 
plane was rotated independently until a simple configuration of the 
test variables was overdetermined. The graphical method used in the 
rotation is essentially that described in Primary Mental Abilities (5, 
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TABLE 3 


Distribution of Residuals 


Residuals, Dis- 
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pp. 23-28) except that the planes were not required to pass through 
the origin. The criterion for determining a simple configuration was 
the maximizing of the number of nearly vanishing entries in the fac- 
torial] matrix. An entry was considered nearly vanishing if it was in 
the range +.20, since it accounts for 4 per cent or less of the variance 
and is within the range of chance errors. It was also desirable to 
avoid having any significant negative projections. Both of these stip- 
ulations were met by the entries for six of the factors, but plane C, 
represented by the third column of the rotated factorial matrix, Table 
4, has no nearly vanishing entries. The lowest loading is .432 for vari- 
able 17. During the rotational procedure, this axis remained oblique 
until orthogonality was forced upon it by setting it orthogonal to the 
other six axes. The result was the appearance of the rotated factorial 
matrix, Table 4, and the complete orthogonality of the structure. The 
cosine matrix is shown in Table 5. The common factor was found to 
diverge about 23° from the first centroid. The matrix of the trans- 
formation from the centroid matrix to the rotated factorial matrix is 
shown in Table 6. 

In the psychological interpretation of the factors, loadings with- 
in +.20 were disregarded as chance variations, and only loadings of 
.30 or above were considered in attempting to name a factor. A value 
of .30 is low for this purpose, but because of the complex nature of 
most of the variables and because of the large amount of variance 
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TABLE 4 
Rotated Factorial Matrix 
A B c | E | G H | J 

1 244 022 | .888 | —.024 | .108 | .048 | .088 
2 .073 344 | 636 | .070 500 | .282 .100 
3 —.076 370 | .644 | —.030 | —044 | .605 | —.088 
4 530 086 | .724 | —.058 304 | —.046 130 
5 .070 230 | .608 352 | —086 | 276 | .174 
6 —011 | —032 | .678 064 | —.076 | .046 | — .582 
7 —.050 217 178 | .166 318 | —022 | 128 
8 —.136 172 924 .136 043 | 067 091 
9 33 .026 748 | —.084 .068 .062 055 
10 157 .140 562 .063 | 12) 2 
11 881 026 | .636 | —.080 285 | .202 | .296 
12 506 230 | .666 088 | —.080 | .156 |  .263 
13 174 185 1844 061 | —088 | 056 |  .262 
14 072 | —.016 .740 085 | 068 | —.048 | 219 
15 086 | —.094 856 282 | .046 | 194 | 084 
16 .032 .106 732 .292 054 | 252 | .460 
17 .072 457 432 | —.004 428 | 017 | ~ .068 
18 272 | —.054 896 | —.066 164 | —050 | —.109 
19 .156 .008 595 .286 010 | 255 | 126 
20 .004 .202 692 | —.009 147 | 085 | 172 
21 .004 024 .696 .668 207 | 0388 | .019 
22 .046 .034 .798 337 | —100 | .048 | —.064 
23 .208 .296 463 .220 .078 682 | 144 
24 192 115 .770 358 102 | —079 | —.023 
25 .243 .069 .786 316 | —080 | .064 | .078 
26 333 178 .678 024 | —019 | —.078 307 
27 .002 .059 681 | —.053 027 | 314 1342 
28 076 | —.060 187 .220 .210 026 | 301 
29 191 .429 648 371 | —016 | —.026 | —.001 
30 —.064 | —.086 17 116 .222 341 | —.072 
31 —.072 455 .738 | —.064 003  —.014 083 
82 078 222 | 989 153 186 231 | 080 

TABLE 5 

Cosine Matrix 

! a B | eS. a G a oe 

A 999 | | | | 
B | —065 | 999 | | | | 
Cc .002 | 000 | 1.000 | | | | 
E 006 | 121 | —.001 | 1.000 | | 
G | —108 | 006 001 | —036 | 999 | 
H 057 093 | —.001 | .049 | —.030 999 | 
J | —.002 002 | —.034 | —.057 | .009 1.000 

















216 PSYCHOMETRIKA 

















TABLE 6 
The Transformation Matrix 

| A B E G H J C 

1 | 458| 74 | «164 130 152 186 917 

vw | whe | ae | «ee | es | | 141 
m | —256| —134 | .152 177 831 295 | —.162 
Iv | .454| —702 | —200 | —225 | —.142 526 008 
y | was | = SR 1 a | 089 | —.192 330 

vi | —063 | —48 —.202 838 | —.184 | —.315 062 
vil | —e608| 176 | —.116 230 | —.410 | .661 | —.024 

















which is accounted for by the common factor loadings, it was thought 
expedient to consider values of this magnitude. 

The order of the columns in the rotated factorial matrix is of no 
significance. The third column will be considered first since it repre- 
sents the most interesting development of the study: the appearance 
of a common factor. It has no nearly vanishing entries and no nega- 
tive projections. All of the entries are significantly high, the lowest 
being .432 for variable 17. Two hypotheses will be considered in the 
discussion of these findings. The first hypothesis is that the factor is 
of the nature of Spearman’s “G”; a general factor which “though 
varying from individual to individual remains the same for any one 
individual in respect to all the correlated abilities” (2). If this inter- 
pretation is correct, the same general factor should appear in factor 
analyses of test data independently of the age of the subjects or of the 
particular test battery. 

The second hypothesis is that the factor is maturation. This hy- 
pothesis is formulated on the bases that mental functions at first un- 
differentiated, develop from the general to the specific, and that there 
are individual differences in the rate of mental development. Either 
of these assumptions could account for the appearance of a common 
factor resulting from maturation. If, in young children, the primary 
abilities are not differentiated, a general approach involving several 
abilities will be used in solving a given problem. As differentiation 
progresses, the approach will tend to become more selective, until at 
the adult level, where complete independence of the abilities is postu- 
lated, the choice of approach will be restricted to the use of the most 
appropriate method. And, if in a population of children at the same 
chronological age, those children of a more accelerated rate of men- 
tal growth have all the abilities more advanced than children of a 
slower rate of growth, there would be a correlation existing between 
the primary abilities which would not be present in an adult popula- 
tion. The common factor may be the result of either of these effects 
or it may be a product of both. It is impossible to discriminate on the 
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basis of the present data. There is also the possibility that the com- 
mon factor may be greatly influenced by the nature of the test bat- 
tery, and by the original method of selection of the items (3). The 
items were selected by a method which stressed their intercorrela- 
tions. The use of groups of items at each level, and the appearance of 
a test at two levels with the difference only in the method of scoring 
might raise the intercorrelations. The common practice in giving the 
Binet of establishing a basal age below which all tests are regarded as 
passed and of assuming that all tests above the level of complete fail- 
ure are failed might also affect the results. 

The second hypothesis of maturation seems more tenable on the 
basis of available experimental evidence. The present study is an 
analysis of the test results of children who were ten years old, but 
who ranged in mental age from six to fourteen. Thus there was a 
wide divergence of both rate and level of mental development in this 
population. Thurstone, in three separate analyses of test batteries, 
found no general factor. One study was on a population of college 
students (5). The other two were on high-school students at Lane 
(4) and Hyde Park High Schools (7) respectively. Most of the high- 
schoo] students were seniors. Since from a psychological viewpoint 
of mental development, these subjects were adults, the absence in all 
three studies of a common factor, present in a study of children, sup- 
ports the maturation theory. Although in this study the general fac- 
tor is tentatively interpreted as an effect of maturation, further stud- 
ies are necessary to test this hypothesis. 

The first column of the rotated factorial matrix, Table 4, has 
twenty-three entries which are nearly zero. The tests with projec- 
tions high enough for consideration in an attempt to name the factor 
are: 


4. Counting backwards from twenty to one .530 
12. Repeating four digits backwards .506 
11. Making change 381 

9. Dates 337 
26. Repeating five digits backwards .333 


The characteristic common to these variables is apparently the 
presence of number operations of some sort. Of the items which do 
not appear in this list, the only one involving numbers to any extent 
is item 1, repeating five digits. It has a loading of only .244. Possibly 
this item can be successfully solved by the use of some other ability. 
It is the easiest of those items involving numbers, and more of its 
variance is accounted for by the common factor than for any other 
number test. Both of these considerations support the suggestion that 
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ca 


other abilities may be substituted. The factor is tentatively identified 


as Number. 
The second column has twenty-one nearly vanishing entries. The 


significant entries are: 


17. Drawing designs from memory 457 
31. Reversing the hands of a clock .455 
29. Induction — paper cutting 429 
3. Ball and field — inferior level .370 
2. Copying the diamond 344 
23. Ball and field — superior level .296 


The common element underlying these items seems spatial in 
character. No loading is particularly high, but evidence of a spatial 
component is consistent throughout the items. There is no reason to 
suspect that any item missing from this list has an appreciable amount 
of space thinking involved. The factor is identified as Space. 

The fourth column has twenty-one entries which are nearly zero. 
The significant loadings are: 


21. Vocabulary — twelve year level .668 
29. Induction — paper cutting 71 
24. Dissected sentences .358 

5. Comprehension — eight year level .352 
22. Definition of abstract words .337 
25. Fable interpretation 316 
16. Verbal absurdities .292 
19. Comprehension — ten year level .286 


There is little doubt that the element common to these items is 
concerned with verbal relations. On first inspection, the appearance 
of item 29 in this group may be puzzling, but if it is remembered that 
in order to pass this item the method of solution must be given verbal 
expression, the apparent discrepancy vanishes. There are other items 
in the scale which one might expect to have some sort of verbal com- 
ponent; however, their failure to appear here is not disconcerting. 
There may be other abilities dealing with verbal material. Another 
alternative is that the abilities may be specific to each variable and 
the variance will therefore be confined to the specific factor space. 

The fifth column has twenty-four nearly vanishing entries. The 
loadings which are high enough for consideration are: 


2. Copying the diamond .500 
17. Reproducing designs from memory .428 
7. Definitions better than use .318 
4. Counting backwards from twenty to one .004 


It does not seem possible to determine the characteristic which is 
common to these items. The variables have no obvious underlying 
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similarity. There are too few of them to allow any extensive specula- 
tion. Since all the variables lie at the ten year level or below, there is 
a possibility that the method or ability is more common to children at 


a lower level of development. 
The sixth column has twenty-three entries which approach zero. 


The significant loadings are: 


23. Ball and field — superior level .682 

3. Ball and field — inferior level .605 
30. Problem questions 41 
27. Interpretation of Pictures 314 


The common feature throughout this list of tests is the applica- 
tion of some sort of reasoning, but the number of variables is not ex- 
tensive enough to make the identification certain. 

Column seven has twenty-two nearly vanishing entries. The larg- 


est projections are: 


6. Finding likenesses — two items 5382 
16. Verbal absurdities .460 
27. Interpretation of pictures .342 
26. Repeating five digits backwards .307 
28. Finding likenesses — three items pe 

29 


11. Making change 


The characteristic common to this list. of items is tentatively in- 
terpreted as induction. The finding of some likeness between items is 
comparable to finding a rule or principle. A verbal absurdity includes 
a point which is at variance with the rest of the situation, and requires 
the detection of a discrepancy from a rule. Interpretation of pictures 
involves finding a meaning in the picture from all the details. Items 
11 and 26 may not, on first glance, be obviously inductive in nature, 
but it must be remembered that what is inductive at one age level 
may be a task which requires another ability at a different level. Re- 
peating digits backwards may require the development of some prin- 
ciple of procedure such as repeating the numbers in the forward order 
first, combining them into groups or devising any other scheme for 
recall. Making change, for a child, may be a complicated process in 
which many elements must be taken into consideration, while mak- 
ing change for an adult may be a process of a much simpler nature. 
Relevant to this problem, Thurstone (5, p. 87) states that “another 
way in which the factorial components of a test may be altered is to 
give the same test at different levels. A very common example is the 
case of a simple arithmetic problem, say, 3 14. To answer a score 
of such items quickly at the age of fifteen is indicative of the factor 





220 PSYCHOMETRIKA 


N, but a four-year-old who solves such problems rationally may reveal 
logical faculties, perhaps inductive.” 
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In continuation of previous studies, an abstract mathematical 
theory is developed for the interaction of several social classes, of 
which one influences and controls the behavior of the others. In some 
cases such interaction results in the existence of two configurations 
of equilibrium for the social structure, characterized by different 
types of behavior. Each configuration corresponds to one definite 
type of behavior. The transition from one configuration to the other, 
in other words, the transition from one behavior to another, occurs 
rather rapidly. Equations governing these transitions are given. In 
other cases, namely when the efforts of the individuals to influence 
others into a given behavior lessen as the success of this influence 
increases, there is only one stable configuration characterized by a 
mixed behavior. Due to the dissimilarity of parents and progeny, the 
composition of each social class changes with time, as generations 
change. This results in the appearance of instabilities of the social 
structure and in relatively sudden social changes. Possibilities of 

uasi-periodic alterations of different social structures are discussed. 

inally, the developed equations are applied to the case of physical 
conflicts between groups of individuals, such as riots, wars, etc. Pos- 
sible factors in addition to mere physical force which may determine 
the outcome of such conflicts are investigated. 


I 


In two previous publications (1, 2) we developed a general 
mathematical approach to social phenomena. It has been shown how 
some general characteristics of sociological changes, leading to insta- 
bilities, can be described mathematically. However, the equations in- 
volved are of a type that does not lend itself readily to closed solu- 
tions, even in simplest cases. As we attempt to describe more com- 
plex situations, the mathematical difficulties increase still further. 
The use of some general approximation method, similar in spirit to 
the one recently developed in mathematical biophysics (3), is there- 
fore indicated. 

We have seen that for a given distribution function of some in- 
dividual characteristic in a given population, this population will split 
into two or more classes (1), due to a tendency of any individual to 
associate preponderantly with other individuals with a similar char- 
acteristic. In the special case when this characteristic is the “coeffici- 
ent of influence” (1) and when the number of classes is two, we have 
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one class influencing and controlling the activities of the other. The 
exact interaction of the two classes depends on the structure of the 
classes, which are not homogeneous with regard to the given charac- 
teristic of the individuals constituting the class. This structure is it- 
self determined by the distribution function of the characteristic con- 
sidered. We obtain a great simplification if we introduce, instead of 
the actual structure of the classes, an average value of the character- 
istic of the individuals of a given class. We thus have a class of in- 
dividuals having a certain characteristic in the amount a,, another 
having the same characteristic in the amount a, , etc. Or, more gen- 
erally, we may have several classes, characterized by different aver- 
age amounts of a characteristic a , several other classes characterized 
by different average amounts of another characteristic b , etc. For in- 
stance a may represent an average amount of education, while b 
may represent an average ability to play football. Such classes may 
or may not overlap. That is, an individual may belong to the class of 
highly educated people and of average quality football players. 

We shall here confine ourselves to the special case when the char- 
acteristics of the individuals are their ability to influence activities of 
other individuals. As we have seen, this ability is itself a composite 
one. The influence exerted may be due to physical force, to moral 
persuasion, wealth, etc. We shall consider here at first only one purely 
theoretical case, which presents some interest. Similar considerations 
may then be applied later on to other different cases. 

In actual life, we find that a rather large number of individuals 
choose their activities not because of any firm conviction of the neces- 
sity of such activity, nor because of a particularly strong inclination 
for this activity, but merely because the majority of the other indi- 
viduals with whom they come into contact perform this activity. There 
are of course all gradations from individuals who would never do any- 
thing that is not done “by everybody,” to those who are guided only 
by their own convictions and do not care in the least what “peo- 
ple may say about them.” Let us first consider, for the sake of sim- 
plicity, an abstract, non-existing situation, in which we have two dis- 
tinct groups of individuals, one being composed of individuals who act 
only on their own initiative (type I) and the other being composed of 
individuals who are strongly influenced by their fellow-individuals 
and direct their activities exclusively according to what others do 
(type II). As remarked above, this is a fictitious case, but it may turn 
out to be a first approximation to the more real case, when there are 
gradations in the above characteristics. By successive approxima- 
tions, we may hope to arrive at a treatment of the more concrete 
cases. 
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Let us then consider a total number of N individuals forming a 
given population. Of these N individuals, let a number x, belong to 
the type I, being characterized by a certain activity A . We shall refer 
to them as individuals J, . Let y, individuals belong also to the type I , 
but let the activity of their choice be a different one, B , such that A 
excludes B. We shall refer to them as individuals Jz. We may ask 
what the behavior of the remaining 


N' = N—2%— Yo (1) 


individuals, which we assume to be all of type JJ, will be. The an- 
swer to that question will of course depend on the assumptions which 
we make concerning the mechanism of influence of some individuals 
upon others. Let us again, for the sake of simplicity, make one of the 
simplest possible assumptions, namely, that an individual of the type 
II is more strongly inclined to behave in a given way the more fre- 
quently he comes into contact with individuals of type J , who exhibit 
this particular behavior. Let each individual of type J, actively try to 
influence as many individuals of type IJ as possible, by actually com- 
ing into contact with as many of them as he can. Then, denoting by x 
the number of individuals of type JI , who exhibit the behavior A , be- 
cause they were influenced to do so by the individuals of the type J, , 
we see that x will increase at a rate which is approximately propor- 
tional to a). Let the coefficient of proportionality be a., so that the 
total contribution of the individuals of type J, to the increase of x is 
@%. But the x individuals who now exhibit the behavior A, also 
come into contact with other individuals of type IJ who have not yet 
adopted the behavior A. Therefore, they will also contribute to the 
rate of increase of x, in the amount az, a being in general different 
from a,. Similarly, denoting by y the number of individuals of type 
II, who have adopted the behavior B through contact with other indi- 
viduals, we find that the rate of increase of y is proportional to cy, 
c, being a coefficient of proportionality, and to ay . a is the same as be- 
fore, since in both cases the coefficient refers to individuals of type JI. 

If there is only one alternative for behavior, either A or B , then 
the increase of x is accompanied by a corresponding decrease of y, 
and vice versa. Therefore we have for the total rate of increase of x : 

dx 


a = AyXy + AL — CoYo — AY |yx (2) 


and, correspondingly: 
dy 


dt = CoYo + AY — AX, — ax. (3) 
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Since, by definition of x and y , and because of (1), 
ety=N—2X%—yY=N', (4) 


the system (2) and (3) reduces actually to one equation, either for z 
or for y. Let us consider x. 
From (4), we have 


x=N—y;3 y= N'—z. (5) 
Introducing this into (2), we find 
d. 
— = 2ax — (AN’ — Ao%o + CoYo) . (6) 
If 
aN’ — GX + CoY. <0, (7) 


then for x = 0, dz/dt > 0, and it remains positive as x increases. In 
other words, if inequality (7) is satisfied, then, if originally all indi- 
viduals, except 2) , showed the behavior B , the number of individuals 
showing behavior A will increase, until all, except y. , will exhibit be- 
havior A. Introducing for N’ the expression (1), we find that in- 
equality (7) is equivalent to 





a Co—a 
inten AT i cane, 5 
aie ee Ti 2.” (8) 
By a similar argument, starting with equation (3), we find that if 
a A —a 
oe” Tao (9) 


then for y = 0, dy/dt > 0 and remains positive as y increases. When 
(9) holds, then even if originally all individuals, except y, , exhibited 
behavior A , they will all gradually exhibit behavior B, except the 
number x,. If (8) is not satisfied, it does not mean that (9) is satis- 
fied, and vice versa. Solving (8) with respect to yo gives 


a+ a a , 
St anc (10) 





while solving (9) with respect to x, , gives 


ty < te yo. (11) 





Thus it may happen that neither (8) nor (9) is satisfied. When this is 
the case, then for x = 0, dx/dt < 0 ; but since x cannot be negative, 
this simply means that if all individuals, except x, , exhibit behavior 
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B, this social configuration is relatively stable, and nothing happens to 
change it. Similarly, if all individuals except y. exhibit behavior A , 
this is also a stable configuration. The social aggregate thus possesses 
two stable configurations of equilibrium: one (configuration A), in 
which all except yo), exhibit behavior A, another (configuration B) 
in which all except x, , exhibit behavior B. In order to bring the so- 
cial aggregate from configuration B into configuration A , some exter- 
nal disturbance, (e.g., intervention of a different social aggregate, 


war) must make 


AN’ — Apo + CoYo AN — (Ap + &) Xo + (Co — 4) Yo (12) 
2a = 2a 





«> 


Then, as is readily seen from equation (6), dx/dt > 0, and x will in- 
crease until it becomes equal to N’ = N — 2% — yo. Similarly, in or- 
der to bring the social aggregate from configuration A into configura- 
tion B , an external disturbance must make 


AN’ — CoYo + MX AN — (Co + &) Yo + (Ay — A) Xo (13) 
2a al 2a laa 





y> 


While neither (8) nor (9) may be satisfied, it cannot happen that they 
both are satisfied. Thus we have: when (8) is satisfied, the only 
stable configuration is A ; when (9) is satisfied, the only stable con- 
figuration is B. When neither (8) nor (9) is satisfied, there are two 
stable configurations, A and B. 

Let us analyse the meaning of the coefficients @ , c) , a, and of the 
inequalities (8) and (9). a is the average number of individuals of 
type II , with whom every individual of type I, comes into contact per 
unit time. c, has a similar meaning with respect to individuals I; , 
while a is the average number of individuals of type JJ with whom 
every individual of type IJ comes in contact per unit time. All three 
are definitely measurable quantities. The individuals may come in 
contact with each other directly, or indirectly, through mail, press or 
radio. Thus a , ¢ and a are influenced by any developments of means 
of communications, in the broadest meaning of this word. These co- 
efficients may be expressed as functions of the average circulation of 
mail m , average circulation of newspapers n , number of broadcasting 
stations b , and number of radio receivers 7. Thus 


A re f.(m, n, b, r) ; 
Co = f2(m, n, b, r) ; (14) 


a=f,(m,n,b,7r). 
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If the groups J, and J; are particularly eager to induce type II to 
exhibit their respective behaviors, they would endeavor to increase a, 
and c, by varying appropriately m, n, b and r as far as they can. 

This suggests the investigation of the case in which 





ANlo; AoO>a; G&>>ea. (15) 
In this case, the expressions 
a a 
“ae and “5 5 (16) 
in (8) and (9) are much smaller than unity, while 





“aes anaes Co +a 


are of the order of magnitude of unity. Both x) and y» may be rather 
small fractions of N. If, for instance, (8) is satisfied, so that the so- 
ciety is in configuration A , and then x, gradually decreases or Y in- 
creases, so that finally (9) becomes satisfied, then at that moment y 
will begin to increase, until the whole society passes into configura- 
tion B. If both x and y, are small fractions of N , then a relatively 
small number of individuals added to either I, or Jz may produce a 
sudden change in the behavior of the whole society. A numerical ex- 
ample will illustrate this. First let @ = ¢) = 1000 individuals per 
day, while a = 10 individuals per day. Let N be 10’ individuals and 
yet y, be 10° individuals so that y, = 0.01N. In this case, inequality 
(8) gives: 


2 > 1971 <X 10°. (18) 


Let « = 2 « 10° individuals, so that (18) is satisfied, so that the 
whole social aggregate except y, individuals exhibit behavior A. Let, 
now, for one reason or another, x, decrease to 10° , while y. increases 
to 2 < 10°. Then (18) will cease to be satisfied, while (9) becomes 
satisfied and the configuration begins to change from A to B. Thusa 
change of 100000 in a population of 10000000 produces a complete 
change in the behavior of the whole population. 

The dynamics of the transition from configuration A to the con- 
figuration B , and inversely, is given by equations (2) and (3). Con- 
sider, for instance, the transition from B to A. Putting 


AN’ — Ayko + CoYo = —U, (19) 
equation (6) becomes 
dx 


7 2ax + u ; (20) 








N. RASHEVSKY 227 


which, integrated, gives 


U 
op a eee erat perenne 
2a, 2a 
C being a constant of integration. If fort = 0, 7 = 0, then 
C=4, 
and hence 
ein het. Bp, (21) 
2a 
The configuration A is reached when x = N — 2% — yo. Hence the 


moment t, at which this occurs is determined by 


5. (ets 1) =N— mo (22) 


or 
2a(N —2%—Y) +u 


U 


(23) 





i,= i 
aa intel 


With the above-used values for a, Co, a and x, we find that t, is of 
the order of a day. This agrees in general with the rapid spread of all 
sorts of mass hysterias, revolts, etc. 

As we already remarked, the coefficients @, ¢) and @ are 
functions of various parameters characterizing technical facilities at 
the disposal of the individual. With increasing technical facilities, 
they also increase, thus shortening t, . These coefficients are also func- 
tions of the personal endeavor of the individuals to influence others. 
In general, we would expect that the element of personal effort will 
be more strongly pronounced in individuals of type J than in those of 
type IJ. Hence while a will be relatively constant, for constant 
m,n,b,r (ef. equ. 12), ad and c, will vary within a rather wide range. 
This need not necessarily be so. But for definiteness let us consider 
here this particular case, without any prejudice against the other pos- 
sibilities. In this case, a and a might well be called “coefficients of 
propaganda,” if it were not for the circumstance that different exist- 
ing connotations of the word “propaganda” may make such a ter- 
minology objectionable. $ 

Let us consider that the efforts of individuals J, in influencing in- 
dividuals of type IJ decrease as the number of influenced individuals 
increases. This is psychologically a rather plausible situation. With 
increasing success, when its permanence appears assured, some people 
are apt to decrease their efforts. In this case a will be a decreasing 
function of x. In the simplest case, it will be a linear function, so that 
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GQ, = Me" (1 — ez) . (24) 


Similarly we put 
Co = Co (1— e'y ). (25) 


After rearrangement, equation (6) now becomes, because of (5): 


d 
_ = (2a —_— ly EXo oan Co" E'Yo) Hi 
dt 
— [(a@— &°s'He) N’ —Gc'Lo-+- Cc Ho] (26) 
If the expression in brackets is negative, which, because of (1), is 
equivalent to 


@ — C°E'Yo Co°E'Yo + Co” — a 
Lo >=— aE +-5 7 o= Xi; (27) 
Qo + &— CoE Yo Ao + &A— Cy" EYo 








then for x = 0, dx/dt > 0, and the influence of the x, individuals I, 
increases. However, it may happen that while (27) is satisfied, the 
coefficient of x in equ. (26) may be either negative or positive. If it 
is negative, we have 


nh (28) 
Ay" 
Putting 
2a — Ao EX —s Co"E'Yo = C Py (29) 
(@ — Co*e'Yo) N’ — o*Xo + Co°Yo = Cz ; (30) 
equation (26) becomes 
dx 
A Cr —C:- (31) 


If both (27) and (28) are satisfied, then C, <0;C. <0. Forx=0, 
dx/dt > 0, but dx/dt = 0 for 
Ce Ug" Xp — C0°Yo — (A — Cy*E'Yo) N’ 


GC; Ay*EXo + Cy*E'Yo — 2A 





»®., (32) 


For x > C./C, , dx/dt < 0. Hence, in this case, we have a configura- 
tion of stable equilibrium, defined by (32), in which a part of the indi- 
viduals of type IJ exhibit behavior A , another part exhibit behavior B, 
This is different from the previously studied case, where in a stable 
equilibrium either all individuals of type IJ exhibited behavior A , or 
all of them exhibited behavior B . The ratio x/y of individuals of type 
II exhibiting behavior A , to those exhibiting behavior B , shifts con- 
tinuously in one direction or another as x and yo vary continuously. 
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There are no sudden changes as long as (27) and (28) are satisfied. 
The equilibrium configuration (32) is reached, starting with any other 
configuration asymptotically, as is readily seen by integrating (31). 
This gives 
aM ois 
z= C. - C. ent, 

where C, is a constant of integration. Since C, < 0, the second term 
vanishes with increasing ¢ , and x approaches the values C,/C, . 

If neither (27) nor (28) is satisfied, then C, > 0, C. > 0, and 
dx/dt = 0 for x = C./C, > 0. But dz/dt > 0 for x > C./C,, and 
dx/dt < 0 for x < C./C,. The configuration x = C./C, is unstable, 
and again either all individuals of type JJ show behavior A or they 
all show behavior B . 

We may also investigate the more complex case, in whic: the rate 
of increase of x is proportional to the products x,y and zy. This may 
look plausible, since as x increases and therefore y decreases, the 
chances of an individual J, or of an individual of type JJ exhibiting 
behavior A , to get into contact with individuals JJ; , decrease. 


II 


Let us now again consider a population of N individuals, with 2, 
individuals J, and y, individuals I; , the remainder being of type JI. 
Let inequality (8) be satisfied, so that all N’ individuals of type IJ ex- 
hibit behavior A. By virtue of associations with similar individuals, 
all individuals of type J, will form a social class, in a manner previ- 
ously described. Since we are dealing with a simplified case of a uni- 
formity of all individuals of a type, this social class will be composed 
with the same approximation of the x, individuals J, . Similarly there 
will be a social class of y, individuals of type J; , and a social class of 
N’ individuals JJ. Using the terminology of our previous paper, we 
may say that the first social class (J,) controls the behavior of the 
whole population. With the majority of the population exhibiting be- 
havior A , the group I; may either be prevented from activity B, or 
even entirely suppressed and destroyed. 

Let us study now the variation of the composition of the con- 
trolling class with respect to time, under the assumptions made pre- 
viously. Namely, we take into account that of the total progeny of in- 
dividuals J, only a small fraction a will itself belong to a type J, , the 
remainder belonging to type J]. However, let the progeny of the first 
class associate only with progeny of the same class. That is, instead 
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of association by actual similarity, we shall have an association by the 
similarity of the past generations. As we have seen elsewhere, this 
results in an increase of individuals of type JJ in the first class. We 
shall call class A the social class composed initially of individuals of 
type J, , we shall call class B the social class composed initially of in- 
dividuals of type Jz, while the social class composed initially of indi- 
viduals of type JJ will be referred to as class II . 

Let n, be the total number of individuals in the social class A. 
Let 44 be the number of individuals in class A of the type I, , n4’’ be 
the number of individuals in class A of type IJ , and n,? be the number 
of individuals in class A of type J,. Similarly, we denote by n,, the 
total number of individuals in class IJ, by n,;/ the number of indivi- 
duals in class IJ of type IJ , by n,;,4 the number of individuals in class 
II of type A , and by n,,* the number of individuals in class II of type 
B. And, in a similar way, we define ng, ng, ng", ng®. We have 


N = + M+ Me, (33) 
and 
Na = Mgt + ng" + 42 5 Ng = Ngt+ ng" + nz, 
(34) 
Ny =" + + Ny. 


Consider the case in which the rate of increase of the population is 
proportional to the population. Then: 


Os satin : <<. _ dng 
—_— _— sr°"er 9 “dt 





= Bgnz - (35) 


In general, of course, we should take three different values, B41, Bu 
and $;. We consider here, only for sake of simplicity, the case that 


Ba = Pu = Pa = 8. (36) 


The net change cannot be considered, strictly speaking, as simply 
a difference between birth and mortality. Not only are new types 
born, but the old ones die out. In other words, we should consider also 
a differential mortality for the different types. For simplicity, we 
omit here this complication, which will be discussed in a further in- 
vestigation. 

Of all the progeny in any class, let the fraction a, be of the type 
I, , the fraction ag be of type J; , the remainder 1 — a, — a, being of 
type IJ. Strictly speaking, these fractions should differ for different 
classes, but again for simplicity we consider them the same for all 
classes. The more general case is treated in a similar way. We now 
have 





rn 





N. RASHEVSKY 231 


uu dnz® 


a 
—_ = apna 3; —— = asfny 5 - = apps , (37) 


and similar equations for other n;* . 

Equation (35) and (36), together with the consideration that 
initially we have ny = 2%, 2s = Yo, M1 = N. , give for any value of 
t>0: 


Ns = 2,8*§ > ny, = Nieeh 3s ng = Yo? . (38) 


Substituting (38) into (37), we have: 


dn,4 dni4 
= 7 = aaparceh" , ~ 











B 
= asBN,eF , = = apfy,e6t. (39) 


with similar equations for other 7;*. 
Equations (39) give: 


Nat = 47, e8t ae C’ ’ N14 = a,N,e8t — GC" ’ 


(40) 
Np? — apy eFt + cc : 
C’, C” and C” being integration constants. Since, for = 0, 
NA=2%, NA=0, nF=YW, 
(41) 
Xo =O4%+C’; aN, +C”"=0; Y=ay+C”. 
Hence 
C’=2.(l1—as); C” =—asN,; C” =y(1—as). (42) 
Introducing (42) into (40) gives: 
MA = Hy + a4%y(E8* —1) 5 Mp4 = aN, (e8' —1) ; 
(43) 
Np? = Yo -l- BY (e8* —_ 1) e 
Comparison of (43) with (38) shows that fort = « 
Nat = O4N4 5 NA = a4N 3 Ng? = agg. (44) 


Expressions (43) hold under the assumption that the principle 
of “hereditary classification” is enforced rigidly. In general we have 
a certain amount of “social mobility” (4), so that individuals of class 
IT may work themselves up into class J]. Let a fraction 7 of all indi- 
viduals of type A born per unit time in class IJ pass into class J (1). 
Since per unit time altogether a,$N,'e8 (cf. equ. 39) such individuals 
are born, we now have, instead of (39): 
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A 
os = a,fhx ef + nasPN, e ; 
(45) 
dn;;4 ; 
ait = (1— ) asBN,'eF' . 


The equations for the other n;* remain the same as before. Equations 
(45) give, with the same initial conditions as before: 


Nat = Xo + a4(X + HN.) (e8* —1) ; 





(46) 
Ny* = (1—n) aN,’ (e® —1) . 
Now we have, for t = « , instead of (44): 
N. , 
nA = (a4 + a : ng 3 Nt = (1—7) aan,» (47) 


which reduces to (44) for y = 0. ; 

Let us consider possible effects of such changes in the composi- 
tion of the different social classes, as described by the above equations 
for sufficiently small mobility 7. At the beginning, that is att = 0, 
the class A was the controlling class, because it was all composed of 
individuals of type J, , and their number satisfied the “controlling in- 
equality” (8). The class A continues to control the rest of the popu- 
lation by a sort of hysteresis, which may be in this case appropriately 
called tradition, although the relative number of individuals of type 
I,, in class A, the only ones that can actively control, gradually de- 
creases. On the other hand, class JI acquires a certain fraction’ of in- 
dividuals of type I, , whose behavior is controlled again by tradition 
by those of class A, although they are actually of a controlling type 
themselves. Moreover there is the class B , which originally was too 
small, and therefore did not gain control, but whose relative size might 
have increased. 

Let us first consider the case in which the total number of in- 
dividuals of type J; remains negligible. This will happen, when a; is 
very small. Then the individuals of type J, , belonging to the class IJ 
by accident of birth, will try to gain control over the whole population. 
They will actually gain control when an inequality, corresponding to 
(8), will become satisfied. In this inequality we must now substitute 
m4 for x), and n,4 for y,, since it is those two groups that now dis- 
pute control. The control now will not consist in imposing on the 
population the behavior A , (since it is already imposed) ; but while 
individuals J, of class I will seek to impose obedience to them (be- 
havior A’), individuals I, of class II will seek to impose obedience 
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to them (behavior A”). For N in inequality (8), we must introduce 
the total population at the time t, which because of (33) and (38), 


equals 
N(t) = N,eF . (48) 
Letting c, refer to individuals of type J, in class A , a to those 


of type J, in class II , and a to those of type JI in class II , and intro- 
ducing the notations 


a Co — @ 
= ——— es * — —————— , 49 
oat Ay oj a ’ fe Gy +- a ( ) 
the condition for the taking over of control by individuals of type I, 
in class IJ becomes: 
NA > wN(t) + wna. (50) 
Introducing for 7,;“, n44, and N(t) their values from expressions (46) 
and (48) we obtain 
(1 — n) asN,' (e8' —1) > w,NeF* 
+ pe [Xo + a4 (%o + 9No’) (e8' —1)]. (51) 


The time t* when the change in control will happen is obtained by sub- 
stituting for the inequality sign a sign of equality and solving the re- 
sulting equation for ¢. This gives, after rearrangements: 


a (1 — 9) aaNo' + polo — a4 (% + N,')] 
. at nNo) sia 


Since for t = 0, (51) does not hold, and both sides of (51) are expo- 
nentially increasing, if (51) is to hold for positive values of ¢ , it must 
hold for t = «, which gives 


(1 — n)a,N,’ > MaiNo + wots (Xo + nN, ). (53) 


Inequality (53) shows that the denominator of (52) is positive. There- 
fore, in order that t* should be real and positive, the numerator must 
be greater than the denominator. This gives 


(1— n)asNo + we[Xo — aa (25 + Nv’) ] 
> (1 — 9) asNo’ — No — wots (Xo + nN,') (54) 


which is equivalent to 





HiNo + fe%. > 0 (55) 
which is always satisfied. Hence ¢* is always real and positive if (51) 
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holds at all. 4 must not be too large, for when y = 1, or is near unity, 
practically all individuals of type J, will be in class A. For y = 1, 
(53) cannot be satisfied. 
With 
i, = 1073; mrwl;s %=3X 10; 


n=10?; Now~N, = 10' ; 


a, = 3 10” and f = 107 year" ; we find from (52): t* ~ 10? — 10° 
years. 

A somewhat different situation will develop when the class B is 
originally rather large, so that while (8) holds, yet x, exceeds the 
right-hand side of (8) only a little. In this case, as class A weakens 
due to a relative decrease of n.4 , it may happen that the inequality 
a Co— a 


N+ 


A +a A + a 








ns? + 22 > nA (56) 
will begin to hold, where a, refers to individuals of type J, in class IJ 
and B,, while c, refers to individuals of type J, in class A. We obtain 
an expression similar to (52) for the time when this occurs. In this 
case, individuals of type J, gain control of the population, and the 
general behavior changes from A’ to B. 

The actual transition either from A’ to A”, or from A’ to B is 
described by equations of the type of equ. (6) or of other types stud- 
ied in the preceding section. Once a new type of behavior is estab- 
lished, two things may happen. Either the principle of “controlling 
class heredity,” in other words of small mobility, is part of the new 
behavior, or it is not. In the first case, again a “thinning out” of the 
controlling class will occur, and this will result in a change from the 
new behavior to the old one, those changes going on periodically, with 
a period of the order of a few hundred years. It must be emphasized 
that the control which a class exercises need not necessarily be politi- 
cal. It may be a cultural control. In general these two will likely be 
correlated. 

If, after a change from behavior-pattern A to behavior-pattern 
B,, the principle of class-heredity is not adhered to, the behavior-pat- 
tern B may last indefinitely. This however is not necessarily the case. 
We have seen that, in such a case (cf. equations 44), 


Nat + NA+ Mp4 =a4N 5 nF + 1, + np? = as. (57) 


If a, >> az, then eventually the number of individuals of type I, will 
increase sufficiently for them to gain control of the population. In 
spite of a large a,, and even due to it, the control by individuals of 
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type J, cannot last indefinitely, because due to the principle of class- 
heredity the group of individuals of type J, eventually divides it- 
self into A’ and A”. But a behavior-pattern which does not adopt 
class heredity will under these conditions also not exist indefinitely. 

We have studied here the case of an exponentially increasing 
population. The other extreme, that of a stationary population, can 
also be easily studied. In this case, N remains constant, and %%,, % 
and nz also remain constant. But ni4, n,*, ete., vary. One should 
also investigate the case of interaction of three or more groups of 
typel. 

Periodical fluctuations of influence of two different groups may 
also occur, in the absence of class heredity, if we consider that a group 
associates into a class only upon reaching a certain size, and that the 
mortality in such a closed class is greater than in class I] , due to in- 
breeding. But until a class is formed, the mortality of J, is the same 
as that of IJ. Then such a class A will gradually become relatively 
smaller, until it is overcome by another group. Since, however, class 
II produces individuals of type J in a ratio a, then if a is sufficiently 
large, a group J, will be regenerated, keeping on regenerating until it 
becomes so large that it forms an exclusive class, which results in an 
increase of mortality, etc. Compare this with the discussion of the dif- 
ferences of mortalities in different social groups by P. Sorokin (5). 


III 


In previous sections we discussed the relations which govern the 
influence of a relatively small group of “leading” individuals upon the 
behavior of the larger number of other individuals. These considera- 
tions may be applied at first in abstracto to a rather interesting and 
important social problem, namely to the physical conflict between two 
large groups of individuals, each being led by a corresponding small- 
er group. A large number of social phenomena, ranging from a street 
riot to a war involving two or several nations, correspond to the ab- 
stract picture, which we shall discuss here. 

Consider two populations, one composed of M , the other of N in- 
dividuals. Let most of the individuals belong to type JI, which we 
shall now call “passive type.” Let x, individuals in the first and xy 
individuals in the second population be of type J, which we shall call 
the “active type.” Suppose that the active groups of the two popula- 
tions are in mutual conflict and that they endeavor to influence the 
other individuals in their population in such a way that they would 
participate in the conflict. In general, each population may have two 
groups of active individuals of opposite behavior, a number x , for in- 
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stance, wishing a conflict, a number y opposing it. The behavior of 
the whole population will then be determined by the considerations of 
section I, which led to expressions (8) and (9). For simplicity, we 
shall consider here the case in which there is no opposing group. We 
may then use expression (8), in which we make y = 0, and, for 2, 
and N , substitute x, and M , or correspondingly xy and N. Thus both 
populations will participate as a whole in a conflict, if 
a, Ag 

eT * wha = Sle (58) 
a, and @, , and, correspondingly, a and do. have the same meaning as 
a and a, of section I. The subscripts are added to take into account 
possible differences in the constant for the two populations. 


Putting 
a, As 
—_—$ = 7, 5} ——— = 7r2; 59 
Q@it+a, "" Qa+a@ ~*~ “— 
we may write (58) thus: 
fu>?7T,Ms: ay>?,N. (60) 


Let the conflict consist in an actual destruction of the individuals of 
one population by those of the other. The same considerations, how- 
ever, will apply to the case when, instead of an actual destruction, we 
have just a temporary elimination, by putting the individuals “hors 
de combat.” For brevity we shall use the word “destroy.” 

Let each individual of population 1 destroy k,? individuals of pop- 
ulation 2, while each individual of population 2 destroys k.? individ- 
uals of population 1. We then have 


dM . 
as 

(61) 
dN . 
en M. 


We may consider the more general case, that k,? and k.? are different 
for the active and passive individuals. We shall limit ourselves here 
to the more restricted case. 

Equations (61) integrated by the standard method give: 


M = +(M,— = N,) 4 aM +N.) ew, 
(62) 
hy 
N= —4(M,— FN) Fe 4 3 (M, + 2N,) Bee ; 
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= V ky?k? = + kyke . (63) 
N, and M, are the total number of individuals for t = 0. 


If M, > be N,;» then M consists of two positive terms, one in- 


creasing, the other decreasing. For t = 0, M = M,, the first term in- 
creases less rapidly, than the second decreases. M therefore shall first 
decrease, then increase. But from the first equation (61) it follows 
that when M reaches a minimum, so that dM/dt = 0, we also have 
N = 0. Thus at the moment ¢t = t,", at which M has a minimum, 
N = 0. This means that at t = t,*, the second population becomes 
completely destroyed and the conflict ceases through a victory of the 
first. After that moment there is no further conflict, so that M does 
not actually increase. 

If M,< Me N,» then M becomes zero, while N reaches a minimum. 

1 

While the leaders of the two populations will in general partici- 
pate in the active conflict, they may be exposed to the danger of de- 
struction to a different extent than the passive individuals. If their 
exposure to danger is the same as that of the passive individuals, we 
have: 


day = eu aM 
‘dt = M dt’ 
(64) 
day = tn aN 
‘a wre 
which integrated gives: 
tu ime " wn a 
a Const. ; _“ Const. . (65) 


Under these conditions, if (60) was satisfied at the beginning, it will 
remain satisfied throughout the conflict and the conflict will therefore 
continue until one of the populations is completely destroyed, that is, 
for either t = t,* or t = t,*. These values are obtained correspond- 
ingly as the roots of the equations M = 0 and N = 0, into which we 


substitute expressions (62) and which we solve for t. If M, < z No» 
then ¢,* is imaginary, while 

dks 1 etm 

1 OR ping, Ra ° (66) 


_— No —M 0 


” 


‘1 
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If M, > = N,» then ¢,* is imaginary and 
1 


1 M, 4: Ny 
t.* = =~ log ——_—_- (67) 
2k” uw, — =n, 
ky 


In general, we shall have instead of (64): 





diy tu dM 
jaitnigeees oe Bes a cecilia 68 
dt a ) dt (68) 
and 
dry _ wy . dN 
a NT (69) 
where m and 7 may be either smaller or greater than one. 
Equations (68) and (69) give: 
dzy dM 
zt WE is 
and 
i d 
~~ = (71) 
ty" N n 
Equations (70) and (71) give: 
1 1 
pe ae es 3 2 
Ara Pat © _— 
and 
1 1 
zyri en t Ce wii 


C, and C, are integration constants determined by the requirements 
that for M = M,, xy = Xm and for N = No, wy = Xov, where Zoy 
and 2oy are the initial values of 7, and x,;. This gives: 


La M,™ — Lou N,*™ — Xon™ 


C,= ; C= 
M,*-1 Lou”? N,;* Lon™1 








(74) 


For m < landn<1,C, < OandC, < 0. For m > 1 and n > 1, 
C, > 0 and C, > 0. Equations (72) and (78) give: 


a “I ; ty Bias 1 
M N1+¢CM™ WN WV1I+C.N™° (75) 


For m <1, 2/M decreases with decreasing M , because then C, < 0. 





A ef} FH OO 8 eof Gf BH ce b_ 
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A similar thing holds for xy/N . If m < 1, the destruction of the ac- 
tive individuals in the first population goes on more rapidly than that 
of the passive. As a result, w/M decreases and if it becomes so small 
that ty < 7,M , while for the other population we still have zy > rN , 
then the active group can no more influence the passive individuals 
and make them continue the fight. The population quits fighting, be- 
comes demoralized, although at this moment we may stillhaveM=N. 
Similar considerations hold for the second population. If, on the con- 
trary, m > 1andn > 1, then ay/M and x,y/N increase and the fight 
continues until one of the populations is completely destroyed. 

For m < 1, the “breakdown” of the first population occurs at the 
moment ¢, , at which 


x 
ah. (76) 


which because of (75), gives: 
mi pm 7 
M= (77) 


Introducing into (77) the expression for M from (62), and solving 
with respect to t, we thus find the moment ¢,. In a similar way, we 
find the moment ¢, , at which the second population would break down, 
if the conflict continued. Depending on whether ¢t, < t% ort:>t, 
the first or the second population will be defeated in the conflict. 

The author is indebted to Prof. Harold Gulliksen for calling his 
attention to an error in the second section of this article. 
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A COMPUTATIONAL SHORT CUT IN DETERMINING SCALE 
VALUES FOR RANKED ITEMS 


In a study of color preferences, Winch,* using the order of merit 
technique, adopted as a measure of group preference an index equiva- 
lent to the average rank assigned by N individuals. He awarded to the 
specimen in first place in each array a value of 1, to second place 
specimens a value of 2, and so on, summed the values awarded to each 
item for the N arrays and used their relative magnitudes as a measure 
of group preference. These values divided by N would give the aver- 
age rank of the specimens. 

In the computation of scale values from ranked items by the 
method developed by Thurstone,; the first step is the determination 
of the frequency with which each item is preferred to every other for 
the N arrays. In this method it is assumed that ranked data yield 
comparative judgments and that they can be treated in the same 
manner as data from paired comparisons. The first specimen in a 
ranked order is considered preferred to all specimens following it, and 
similarly for other specimens. 

It is apparent that awarding to each specimen a value of 1 for 
every comparison in which it is preferred to the other specimen, as is 
done here, is equivalent to giving it a value equal to the number of 
specimens to which it is “superior” in the ranked array. Since this 
latter technique, as used by Winch, gives for each specimen its average 
rank in the N arrays, the data yielded by the first step in Thurstone’s 
method are exactly proportional to average rank values. 

Thurstone’s method proceeds from the “raw” proportions to a 
determination of the scale values of the items by various transforma- 
tions. However, the relative values of the items are not greatly altered, 
for we find, empirically, that the final scale values correlate very 
highly with the average rank position values. The actual values of 
course are not similar. 

In two experiments of the author, wherein two experimental 
groups of forty-one and ninety-eight subjects, respectively, ranked ten 
geometrical forms in order of preference, the greatest difference be- 
tween the scale values and the average rank values in the two group 
orders was 3.5% and the average difference was 2.2%. The correla- 


3 a — W. H. Colour preferences of school children. Brit. J. Psychol., 1909, 
we jThurstone, L. L. A law of comparative judgment. Psychol. Rev., 1927, 34, 

Thurstone, L. L. Rank order as a psychophysical method. J. Exp. Psychol., 
1931, 14, 187-201. 
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tions were practically unity. 

Since the average rank values correlate so highly with the scale 
values derived from the law of comparative judgment, they appear to 
be useful in experimental work as a short-cut in determining group 
preferences from ranked material. 


EDWARD N. BARNHART 
The Cleveland Museum of Art 
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RULES FOR PREPARATION OF MANUSCRIPTS FOR PSYCHOMETRIKA 
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Send manuscripts to 

L. L. THURSTONE 

Chairman of the Editorial Council 

The University of Chicago 

Chicago, Illinois ; ’ 
If possible, submit three typewritten copies of the manuscript. Failure to 
adhere to this rule greatly delays our editorial procedure. ; 
Use heavy white typewriter paper, size 8-1/2 x 11. Double-space the lines 
and allow wide margins for editorial work. 
Tables should always be typed on separate sheets of paper, numbered, and 
referred to in the text by number, e.g., Table 2. If a table has a title, it 
should be typed at the head of the table, with initial letters capitalized. 
Footnotes referring to any part of a table should be placed immediately be- 
low the table. Necessary horizontal and/or vertical rulings should be indi- 
cated by the author. 
Footnotes should be reduced to a minimum. However, if the number of ref- 
erences does not exceed 8 to 10, they may be handled as footnotes, thus mak- 
ing unnecessary a list of references. Formulas in footnotes should be avoid- 
ed. Footnotes should be indicated by the following sequence of symbols: 
* (asterisk or star), + (dagger), t (double dagger), § (section mark), 
|| (parallels), { (paragraph mark). All footnotes should be typed at the 
bottom of the page of text to which they refer. 
Drawings should be made only by an expert draftsman. They should be made 
on plain white paper or tracing cloth in black India ink. They should be 
numbered and referred to in the text by number, e.g., Fig. 3. The second and 
third copies of the manuscript may contain rough sketches of completed 
drawings. If an author cannot procure the services of an expert draftsman, 
the editors will have his drawings made at cost. 
Formulas should be numbered at the right with Arabic numbers in paren- 
theses. Careful attention should be given to the punctuation of formulas, 
which ordinarily are to be regarded as parts of sentences. Please be sure 
that formulas are legible. If possible, avoid unfamiliar symbols. Where they 
are used for the first time, define them in the margin for the printer, as 
“upper case Greek letter gamma.” For very complicated notation, submit a 
list for the use of the printer. 
The author of an article is urged to give careful attention to grammatical 
construction, spelling, and punctuation. If an author does not care to con- 
cern himself with such details, the editors will arrange for the necessary 
revision, at an extra charge. 
If there are more than 8 to 10 references, they should be segregated at the 
end of the article. The heading should be “References,” not “Bibliography,” 
unless the list is exhaustive. The references in such a list should be ar- 
ranged either in alphabetical order according to author’s name or in order 
of occurrence and should be referred to in the text by number, eg., (2). 
In the text, pages may be referred to thus: (2, p. 26); (8, pp. 46-49). 
We have adopted the forms of citation adopted by the Board of Editors of 
The American Psychological Association. The proper form for a journal 
reference is as follows: 

Guilford, J. P. A study in psychodynamics. Psycho- 
metrika, 1939, 4, 1-23. 

The proper form for a book reference is as follows: 

3. Thurstone, L. L. The vectors of mind. Chicago: Univ. 

Chicago Press, 1935. 
For further information concerning forms of reference and acceptable ab- 
breviations for journals, prospective authors are referred to McGeoch, John 
. Forms of citation adopted by the Board of Editors of The American 

Psychological Association. Psychol. Bull., 1989, 8G, 25-30. 
A manuscript which fails to comply with these requirements will be returned 
to the author for revision. 
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TWELFTH INTERNATIONAL CONGRESS 
OF PSYCHOLOGY 


Preliminary Notice 


The Twelfth International Congress of Psychology will be 
held in Edinburgh, Scotland, from July 22 to July 27, 1940. 

The Congress fee has been fixed at thirty shillings 
(£1:10s.) sterling for active members and fifteen shillings 
(15s.) sterling for associates. 

Arrangements are being made by which a large propor- 
tion of the members can be accommodated in University hos- 
tels. The inclusive charge for such accommodation will be 
about fifty shillings (£2:10s.), excluding midday lunches, ar- 
rangements for which will be made elsewhere. Members who 
do not desire accommodation in the hostels can easily secure 
accommodation in hotels and private hotels, of which Edin- 
burgh has a large number. 

When the Committee of Organization is fully constituted, 
formal invitations will be issued. It will, however, greatly fa- 
cilitate arrangements if as many as possible will let the Gen- 
eral Secretary know now that their attendance at the Congress 
is probable. In the meantime subjects for symposia, general 
discussion and lectures are under consideration by a Prelimi- 
nary Arrangements Committee. 

A volume of Proceedings of the Congress, containing ab- 
stracts of papers read, will be published; the cost of this vol- 
ume is included in the Congress fee for active members. 


JAMES DREVER, 

President of Committee of Organization. 
GODFREY THOMSON, 

General Secretary. 

(Moray House, Edinburgh 8). 














